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FINE PROPERTIES OF FUNCTIONS WITH BOUNDED VARIATION IN
CARNOT-CARATHÉODORY SPACES
SEBASTIANO DON AND DAVIDE VITTONE
Abstract. We study properties of functions with bounded variation in Carnot-Carathéodory
spaces. We prove their almost everywhere approximate differentiability and we examine their
approximate discontinuity set and the decomposition of their distributional derivatives. Under
an additional assumption on the space, called property R, we show that almost all approximate
discontinuities are of jump type and we study a representation formula for the jump part of
the derivative.
1. Introduction
A lot of effort was devoted in the last decades to the development of Analysis and Geometry in
general metric spaces and, in particular, to the study of functions with bounded variation (BV ).
Carnot-Carathéodory (CC) spaces are among the most fruitful settings where BV functions have
been introduced ([10, 20]), see also [8, 12, 19, 22, 23, 24] and the more recent [3, 5, 6, 9, 11,
15, 31, 35, 44]. The aim of this paper is to give some contributions to this research lines by
establishing “fine” properties of BV functions in CC spaces. A non-trivial part of our work
consists in fixing the appropriate language in a consistent and robust manner.
A CC space is the space Rn endowed with the Carnot-Carathéodory distance d (see (1))
arising from a fixed family X = (X1, . . . , Xm) of smooth, linearly independent vector fields
(called horizontal) in Rn satisfying the Hörmander condition, see (2). As customary in the
literature, we always assume that metric balls are bounded with respect to the Euclidean
topology. Moreover, we work in equiregular CC spaces, where a homogeneous dimension Q,
usually larger than the topological dimension n, can be defined; recall that any CC space can
be lifted to an equiregular one, see e.g. [42].
The space BVX of function with bounded X-variation consists of those functions u whose
derivatives X1u, . . . , Xmu in the sense of distributions are represented by a vector-valued mea-
sure DXu with finite total variation |DXu|. These functions have been extensively studied in
the literature and important properties have been proved, like coarea formulae, approximation
theorems, Poincaré inequalities.
We now describe some of the results we prove in this paper. The first one, Theorem 1.1
below, concerns the almost everywhere approximate X-differentiability (see Section 2.3) of BVX
functions; its classical counterpart is very well-known, see e.g. [2, Theorem 3.83]. As customary,
we denote by DaXu and D
s
Xu, respectively, the absolutely continuous and singular part of DXu
with respect to the Lebesgue measure L n.
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Theorem 1.1. Let (Rn, X) be an equiregular CC space, let Ω ⊆ Rn be an open set and let
u ∈ BVX(Ω;R
k). Then u is approximately X-differentiable at L n-almost every point of Ω.
Moreover, the approximate X-gradient coincides L n-almost everywhere with the density of
DaXu with respect to L
n.
The proof of Theorem 1.1 is based on Lemma 3.12, that is, on a suitable extension to CC
spaces of the inequalityˆ
B(p,r)
|u(q)− u(p)|
|q − p|
dL n(q) ≤ C
ˆ 1
0
|Du|(B(p, tr))
tn
dt
valid for a classical BV function u on Rn. Lemma 3.12 answers an open problem stated in [5]
and it is new even in Carnot groups. We only recall that Carnot groups are connected, simply
connected and nilpotent Lie groups whose Lie algebra is stratified, and we refer to [18, 38, 31, 30]
for more detailed introduction to the subject. Carnot groups possess a canonical CC structure
obtained by fixing a basis X1, . . . , Xm of the first layer of the Lie algebra of left-invariant vector
fields; their importance in the theory stems from the fact that they constitute the infinitesimal
models of equiregular CC spaces, a fact that we heavily use in this paper.
Theorem 1.1 was proved in the setting of Carnot groups in [5] together with the following
result, which we also extend to our more general setting. We denote by H Q−1 the Hausdorff
measure of dimension Q − 1 and by Su the set of points where a function u does not possess
an approximate limit in the sense of Definition 2.19.
Theorem 1.2. Let (Rn, X) be an equiregular CC space, let Ω ⊆ Rn be an open set and let
u ∈ BVX(Ω;R
k). Then Su is contained in a countable union of sets with finite H
Q−1 measure.
In the classical theory, an important object associated with a BV function u is its jump
set: roughly speaking, this is the set of points p for which there exist u+(p) 6= u−(p) and a
unit direction νu(p) such that, for small r > 0, u is approximately equal to u
+(p) on half of
B(p, r) and to u−(p) on the complementary half of B(p, r), the two halves being separated
by an hyperplane orthogonal to νu(p). In this paper we introduce the notion of approximate
X-jumps, see Definition 2.24: this requires a certain amount of preliminary work, expecially
about “fine” local properties of hypersurfaces with intrinsic C1 regularity (C1X).
We denote by Ju ⊆ Su the set of X-jump points of u and by (u
+(p), u−(p), νu(p)) the
approximate X-jump triple (see Definition 2.24) at a point p ∈ Ju. The measures
DjXu := D
s
Xu Ju, D
c
Xu := D
s
Xu (Ω \ Ju),
are called, respectively, jump part and Cantor part of DXu. We want to study some further
properties of DXu and its decomposition
DXu = D
a
Xu+D
s
Xu = D
a
Xu+D
c
Xu+D
j
Xu.
We state some of them in the following result, which is a consequence of Theorem 3.16 and
Proposition 3.3.
Theorem 1.3. Let (Rn, X) be an equiregular CC space and consider an open set Ω ⊆ Rn, a
function u ∈ BVX(Ω;R
k) and a Borel set B ⊆ Ω. Then the following facts hold:
(i) there exists λ : Rn → (0,+∞) (not depending on Ω nor u) locally bounded away from 0
such that |DXu| ≥ λ|u
+ − u−|S Q−1 Ju;
(ii) if H Q−1(B) = 0, then |DXu|(B) = 0;
(iii) if H Q−1(B) < +∞ and B ∩ Su = ∅, then |DXu|(B) = 0;
(iv) DaXu = DXu (Ω \ S) and D
s
Xu = DXu S, where
S :=
{
p ∈ Ω : lim
r→0
|DXu|(B(p, r))
rQ
= +∞
}
;
FINE PROPERTIES OF BV FUNCTIONS IN CC SPACES 3
(v) Ju ⊆ Θu, where Θu ⊆ S is defined by
Θu :=
{
p ∈ Ω : lim inf
r→0
|DXu|(B(p, r))
rQ−1
> 0
}
.
However, for classical BV functions much stronger results than Theorems 1.1 and 1.3 are
indeed known: some of them are proved in the present paper also for BVX functions under the
additional assumption that the space (Rn, X) satisfies the following natural condition.
Definition 1.4 (Property R). Let (Rn, X) be an equiregular CC space with homogeneous
dimension Q. We say that (Rn, X) satisfies the property R if, for every open set Ω ⊆ Rn and
every E ⊆ Rn with locally finite X-perimeter in Ω, the essential boundary ∂∗E ∩ Ω of E is
countably X-rectifiable, i.e., there exists a countable family (Si)i∈N of C
1
X hypersurfaces such
that H Q−1(∂∗E ∩ Ω \ ∪i∈NSi) = 0.
Recall that a measurable set E ⊆ Rn has locally finite X-perimeter in Ω if its characteristic
function χE has locally bounded X-variation in Ω, while we refer to Definition 2.21 for the
essential boundary ∂∗E. It was proved in the fundamental paper [1] that the X-perimeter
measure |DXχE | of E can be represented as θH
Q−1 ∂∗E for a suitable positive function θ
that is locally bounded away from 0, see Theorem 2.39.
The validity of property R (“rectifiability”) for general equiregular CC spaces is an interesting
open question even in Carnot groups (see [4] for a partial result). However, property R is
satisfied, besides in Euclidean spaces ([13]), in several interesting situations like Heisenberg
groups [22], Carnot groups of step 2 [23] and Carnot groups of type ⋆ [35]: in particular,
Theorems 1.5, 1.6 and 1.7 below hold is such classes. We conjecture that property R holds also
in all CC spaces of step 2, see [3]. Building on the results of [14], we prove in Section 4 the
validity of the weaker property LR (“Lipschitz rectifiability”, see Definition 3.4) in all Carnot
groups satisfying the algebraic property (47) below; in particular, a weaker version of Theorem
1.5 holds in such groups, see Theorem 3.5.
The first result we are able to prove assuming property R is a refinement of Theorem 1.2
and, roughly speaking, it states that H Q−1-almost all singularities of a BVX function are of
jump type.
Theorem 1.5. Let (Rn, X) be an equiregular CC space satisfying property R, let Ω ⊆ Rn be an
open set and let u ∈ BVX(Ω;R
k). Then Su is countably X-rectifiable and H
Q−1(Su \ Ju) = 0.
Assuming property R, also Theorem 1.3 can be refined as follows.
Theorem 1.6. Under the assumption and notation of Theorem 1.3, assume that (Rn, X) sat-
isfies property R. Then
(i) H Q−1(Θu \ Ju) = 0 and D
j
Xu = DXu Θu;
(ii) DcXu = DXu (S \Θu);
(iii) if B ⊆ Ω is such that H Q−1 B is σ-finite, then DcXu(B) = D
a
Xu(B) = 0.
Theorem 1.6 is part of Theorem 3.16. We also mention that, assuming property R, one can
define a precise representative up of u (see (45)) and prove that the convergence of the mean
values
ffl
B(p,r)
u dL n to up(p) holds, as r → 0, for H Q−1-almost every p. See Theorem 3.14.
Eventually, a further natural assumption, property D (“density”, see Definition 3.8), concern-
ing the local behavior of the spherical Hausdorff measure S Q−1 of C1X hypersurfaces, allows to
obtain a stronger result about the jump part Dju, see Theorem 1.7. Property D is satisfied
in Riemannian manifolds (trivially), Heisenberg groups, Carnot groups of step 2 and Carnot
groups of type ⋆, see section 4; its validity in more general settings is an interesting open prob-
lem that will be object of future investigations. Theorem 1.7 follows from the more general
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Theorem 3.10, which deals with a representation of the restriction of DXu to any countably
X-rectifiable set R.
Theorem 1.7. Let (Rn, X) be an equiregular CC space satisfying properties R and D; then,
there exists a function σ : Rn × Sm−1 → (0,+∞) such that, for every open set Ω ⊆ Rn and
every u ∈ BVX(Ω;R
k), one has
DjXu = σ(·, νu)(u
+ − u−)⊗ νu S
Q−1 Ju.
The paper is structured as follows. In Section 2 we introduce the preliminary material
about CC spaces and their nilpotent approximation (Section 2.1), C1X hypersurfaces and X-
rectifiable sets (Section 2.2), approximate X-jumps and X-differentiability (Section 2.3) and
BVX functions (Section 2.4). Most of the material in Sections 2.2 and 2.3 is original. Section
3 contains the proof of our results, while in Section 4 we discuss some classes of Carnot groups
satisfying properties R, LR and/or D. Eventually, we collected in Appendix A some useful
result from Geometric Measure Theory in metric spaces and in Appendix B the proofs of some
(new but) technical results (Borel regularity, etc.) about the approximate X-jump and the
approximate X-differentiability sets.
Acknowledgements. It is a pleasure to thank V. Magnani, R. Monti, D. Morbidelli and D.
Pallara for their interest in this paper and for several stimulating discussions.
2. Preliminaries
2.1. Carnot-Carathéodory spaces and nilpotent approximation. In what follows Ω will
denote an open set in Rn and X = (X1, . . . , Xm) an m-tuple (m ≤ n) of smooth and linearly
independent vector fields on Rn, with 2 ≤ m ≤ n. We say that an absolutely continuous curve
γ : [0, T ] → Rn is an X-subunit path joining p and q if γ(0) = p, γ(T ) = q and there exist
h1, . . . , hm ∈ L
∞([0, T ];R) such that
∑m
j=1 h
2
j ≤ 1 and for almost every t ∈ [0, T ] one has
γ˙(t) =
m∑
j=1
h(t)Xj(γ(t)).
For every p, q ∈ Rn, we define the quantity
d(p, q) := inf {T > 0 : ∃ a X-subunit path γ joining p and q} , (1)
where we agree that inf ∅ = +∞.
A sufficient condition that makes d a metric on Rn is the following
Theorem 2.1 (Chow-Rashevsky). Suppose that
∀ p ∈ Rn Lie{X1, . . . , Xm}(p) = TpR
n ∼= Rn, (2)
where Lie{X1, . . . , Xm}(p) denotes the linear span of all iterated commutators of the vector
fields X1, . . . , Xm computed at p. Then d is a distance.
We will refer to (2) as Hörmander condition. When (2) holds, the couple (Rn, X) is said to
be a Carnot-Carathéodory space of rank m. We denote by B(p, r) the d-ball of center p ∈ Rn
and radius r > 0.
For every p ∈ Rn and for every i ∈ N we denote by Li(p) the linear span of all the commutators
of X1, . . . , Xm up to order i computed at p. Notice that Lie{X1, . . . , Xm}(p) =
⋃
i∈N L
i(p). We
say that (Rn, X) is equiregular if there exist natural numbers n0, n1, . . . , ns such that
0 = n0 < n1 < · · · < ns = n and ∀ p ∈ R
n dimLi(p) = ni.
The natural number s is called step of the Carnot-Carathéodory space.
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In the following theorem we resume some well-known facts about the geometry of equiregular
CC spaces, see e.g. [41, 36]. Recall that a Radon measure µ on a metric space (M, d) is doubling
if there exists C > 0 such that
µ(B(x, 2r)) ≤ Cµ(x, r) for every x ∈M and every r > 0.
Theorem 2.2. Let (Rn, X) be an equiregular CC space of step s. Then the following facts
hold.
(i) For every compact set K ⊆ Rn there exists M ≥ 1 such that
1
M
|p− q| ≤ d(p, q) ≤M |p− q|
1
s for any p, q ∈ K.
(ii) The Hausdorff dimension of the metric space (Rn, d) is Q :=
∑s
i=1 i(ni − ni−1).
(iii) The metric measure space (Rn, d,L n) is locally Ahlfors Q-regular, i.e., for every com-
pact set K ⊆ Rn there exist R > 0 and C > 1 such that for every p ∈ K and for every
r ∈ (0, R)
1
C
rQ ≤ L n(B(p, r)) ≤ CrQ. (3)
In particular, (Rn, d,L n) is locally doubling.
As customary, we assume from now on that the metric balls B(p, r) are bounded with respect
to the Euclidean metric in Rn; this implies that the CC space (Rn, X) is geodesic, i.e., that
for every p, q ∈ Rn there exists a X-subunit curve realizing the infimum in (1). The existence
of length minimizing curves implies that, for every p ∈ Rn and for every r > 0, one has
L n(∂B(p, r)) = 0; see Proposition A.9.
Definition 2.3 (Adapted exponential coordinates). Let (Rn, X) be an equiregular CC space
and let p ∈ Rn be fixed; choose an open neighborhood V ⊆ Rn of p and smooth vector fields
Y1, . . . , Yn such that
• Yi = Xi for any i = 1, . . . , m;
• for every k = 1, . . . , s the vector fields Ynk−1+1, . . . , Ynk are chosen among the k-order
commutators of X1, . . . , Xm;
• for every q ∈ V and every k = 1, . . . , s the set {Y1(q), . . . , Ynk(q)} is a basis of L
k(q).
Then there exists a neighborhood U of 0 in Rn for which the map
F : U → Rn
x 7→ exp(x1Y1 + · · ·+ xnYn)(p)
(4)
is well defined. We say that (x1, . . . , xn) are adapted exponential coordinates around p.
The definition of F depends on the point p; when confusion may arise, we underline this
dependence by using the notation Fp to denote (for any x ∈ R
n for which it is defined) the
map Fp(x) := exp(x1Y1 + · · · + xnYn)(p). When needed, we will also write F (p, x) to denote
exp(x1Y1 + · · · + xnYn)(p); notice that, for every bounded set V ⊆ R
n, one can find an open
neighborhood U of 0 in Rn such that F is well defined in V × U .
For every p ∈ Rn and every j = 1, . . . , m we define
X˜j := dF
−1
p (Xj ◦ Fp).
It is readily seen that if X satisfies the Hörmander condition, then also X˜ does and we denote
by d˜ the CC distance in (a suitable open subset of) Rn associated with the m-tuple of vector
fields X˜ = (X˜1, . . . , X˜m), and by B˜(x, r) the metric balls associated with d˜. Again, when
confusion may arise we shall use the notation B˜p(x, r) to specify that the metric ball is induced
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by the map Fp. Since dFp(0)ej = Yj(p), we have X˜j(0) = ej for every j = 1, . . . , m. Moreover
it is easy to verify that for every p ∈ Rn and every sufficiently small r > 0 one has
d(Fp(x1), Fp(x2)) = d˜(x1, x2) ∀ x1, x2 ∈ B˜(0, r);
in particular, Fp(B˜(x, r)) = B(Fp(x), r).
Remark 2.4. Let us consider µp := (F−1p )#L
n, i.e., the measure defined for every Borel set A
in Rn by
µp(A) = L
n (Fp(A)) =
ˆ
A
|det∇Fp| dL
n.
It is easy to see that, whenever 0 < ε < | det∇Fp(0)|, there exists an open neighborhood U of
0 such that
(|det∇Fp(0)| − ε)L
n U ≤ µp U ≤ (|det∇Fp(0)|+ ε)L
n U. (5)
Definition 2.5 (Degree, dilations and pseudo-norm). If (Rn, X) is an equiregular CC space
and p, Y1, . . . , Yn are as in Definition 2.3, we define the degree wj of the coordinate j by Yj(p) ∈
Lwj(p)\Lwj−1(p) or, equivalently, by nwj−1 < j ≤ nwj . For every r > 0, the anisotropic dilation
δr : R
n → Rn is defined by
δr(x) := (x1, . . . , r
wixi, . . . , r
sxn) . (6)
We say that a function f : Rn → R is δ-homogeneous of degree w ∈ N if for every p ∈ Rn and
every λ > 0 one has f(δλp) = λ
wf(p). We also introduce the pseudo-norm
‖x‖ :=
n∑
j=1
|xj |
1/wj , x ∈ Rn
and the pseudo-balls
A(r) := {x ∈ Rn : ‖x‖ ≤ r} . (7)
Clearly, δr (A(1)) = A(r).
The following result is proved in [41].
Theorem 2.6. Let K ⊆ Rn be a compact set in an equiregular CC space (Rn, X) and let U be
a neighborhood of 0 such that, for every p ∈ K, the map Fp is well-defined in U . Then there
exists C > 1 such that for every x ∈ U and every p ∈ K we have
1
C
‖x‖ ≤ d˜p(0, x) ≤ C‖x‖.
The following theorem is classical, see e.g. [7] or [39]. For an introduction to Carnot groups
(also known as stratified groups) see for instance [18, 38, 31, 30].
Theorem 2.7. Let (Rn, X) be an equiregular CC space and let p ∈ Rn be fixed; then, there
exists a family X̂ := (X̂1, . . . , X̂m) of polynomial vector fields in R
n such that
(i) for every j = 1, . . . , m, X̂j is 1-homogeneous, i.e. (dδr)[X̂j] = rX̂j ◦ δr for all r > 0;
(ii) for every j = 1, . . . , m we have r(dδr−1)[X˜j ◦ δr]→ X̂j in C
∞
loc(R
n);
(iii) the couple (Rn, X̂) is associated with a Carnot group structure on Rn;
(iv) ([39, Remark 2.6]) X̂ can be completed to a basis X̂1, . . . , X̂n of the Lie algebra of the
Carnot group in such a way that x = exp(
∑n
j=1 xjX̂j)(0) for any x ∈ R
n.
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The vector fields X̂1, . . . , X̂m introduced in Theorem 2.7 are known in the literature as the
nilpotent approximation of X1, . . . , Xm at the point p; we will say that the structure (R
n, X̂)
is tangent to (Rn, X) at p. We shall denote by d̂ the Carnot-Carathéodory distance associated
with X̂ and by B̂ the corresponding balls; recall that d̂(δrx, δry) = rd̂(x, y) for any r > 0 and
x, y ∈ Rn. When confusion may arise, we shall use the notation B̂p, d̂p to specify the dependence
on the point p.
By the Carnot group structure there exists Ĉ = Ĉp > 0 such that
L
n(B̂p(x, r)) = Ĉr
Q ∀ x ∈ Rn, r > 0. (8)
The constant Ĉ depends on p; however, given a compact set K ⊆ Rn, there exists M > 0 such
that 1/M ≤ Ĉp ≤M for any p ∈ K. See Remark 2.10 below.
We will need later the following simple result.
Proposition 2.8. Let (Rn, X) be an equiregular CC space, and let r > 0. Then for every
p ∈ Rn one has
x ∈ B̂p(0, r)⇐⇒ −x ∈ B̂p(0, r).
Proof. By well-known properties of Carnot groups and Theorem 2.7 (iv) we have
−x = exp
(
−
n∑
j=1
xjX̂j
)
(0) =
[
exp
(
n∑
j=1
xjX̂j
)
(0)
]−1
= x−1,
which combined with the left invariance of d̂ with respect to the group operation implies
d̂(0,−x) = d̂(0, x−1) = d̂(x · 0, x · x−1) = d̂(x, 0).
This concludes the proof. 
We recall for future references the following well-known result, for which we refer e.g. to
[7, 36].
Theorem 2.9. Let (Rn, X) be an equiregular CC space and let p ∈ Rn be fixed; then
lim
r→0
(
sup
{
|d˜p(x, y)− d̂p(x, y)|
r
: x, y ∈ B˜p(0, r)
})
= 0. (9)
In particular, for any ε > 0, there exists R > 0 such that
B̂p(0, (1− ε)r) ⊆ B˜p (0, r) ⊆ B̂p(0, (1 + ε)r) for any r ∈ (0, R).
Remark 2.10. Let K ⊆ Rn be a compact set; then there exists M ≥ 1 such that the constant
Ĉ = Ĉp appearing in (8) satisfies
1
M
≤ Ĉp ≤M ∀ p ∈ K.
This follows because, by Theorem 2.9, for any p ∈ K
Ĉp = lim
r→0
L
n(B̂p(0, r))
rQ
= lim
r→0
L
n(B˜p(0, r))
rQ
= lim
r→0
L
n(F−1p (B(p, r)))
rQ
=
1
| det∇Fp(0)|
lim
r→0
L n(B(p, r))
rQ
and one can conclude by using Theorem 2.2 (iii) and the smoothness of F (p, x).
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2.2. Hypersurfaces of class C1X. This section is devoted to the study of hypersurfaces with
intrinsic C1 regularity; we work in a fixed equiregular CC space (Rn, X). As customary, given
an open set Ω ⊆ Rn we denote by C1X(Ω) the space of continuous functions f : Ω → R such
that the derivatives X1f, . . . , Xmf are represented, in the sense of distributions, by continuous
functions.
Definition 2.11 (Hypersurface of class C1X). We say that S ⊆ R
n is a C1X hypersurface if for
every p ∈ S there exist R > 0 and f ∈ C1X(B(p, R)) such that the following facts hold
(i) S ∩B(p, R) = {q ∈ B(p, R) : f(q) = 0};
(ii) Xf 6= 0 on B(p, R).
In this case, for every p in S we define the horizontal normal νS(p) ∈ S
m−1 to S at p letting
νS(p) :=
Xf(p)
|Xf(p)|
.
The horizontal normal is well-defined up to a sign and, in particular, it does not depend on
the choice of f : this is a consequence, for instance, of Corollary 2.14, below.
We will also use the notion of intrinsic Lipschitz regularity for hypersurfaces introduced in
[46]. In the next definition, the Lipschitz continuity of f is understood with respect to the CC
distance; recall that f : Ω → R is locally Lipschitz on an open set Ω ⊆ Rn if and only if it is
continuous and its distributional derivatives X1f, . . . , Xmf belong to L
∞
loc(Ω); see [21, 25].
Definition 2.12 (X-Lipschitz hypersurface). We say that S ⊆ Rn is an X-Lipschitz hyper-
surface if for every p ∈ S there exist R > 0 and a Lipschitz map f : B(p, R) → R such
that
(i) B(p, R) ∩ S = {q ∈ B(p, R) : f(q) = 0};
(ii) there exist C > 0 and 1 ≤ j ≤ m such that Xjf ≥ C L
n-a.e. on B(p, R).
Hypersurfaces with X-Lipschitz or C1X regularity have locally finite (Q − 1)-dimensional
Hausdorff measure, see [46].
Given ν ∈ Rm we define L˜ν : R
n → R letting
L˜ν(x) :=
m∑
i=1
νixi. (10)
This notation will be extensively used throughout the paper. The following proposition shows
that the maps L˜ν provide a sort of first-order “linear” approximation for C
1
X functions.
Proposition 2.13. Let p ∈ Rn, R > 0 and f ∈ C1X(B(p, R)) be fixed; then
lim
r→0
(
sup
{
|f(Fp(x))− f(p)− L˜Xf(p)(x)|
r
: x ∈ B˜(0, r)
})
= 0.
Proof. It is not restrictive to assume that f(p) = 0. Let r ≤ R and take x ∈ B˜(0, r). Set
d := d˜(x, 0) and take a geodesic γ ∈ Lip([0, d];Rn) such that γ(0) = 0, γ(d) = x and there
exists h : [0, d]→ Rm such that for L 1-a.e. t ∈ [0, d] we have
|h(t)| = 1 and γ˙(t) =
m∑
j=1
hj(t)X˜j(γ(t)).
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Notice that X˜j(0) = ej , hence there exists C > 0 such that |X˜j(y) − ej | ≤ Cr for every
y ∈ B˜(0, r) and every j = 1, . . . , m. Therefore, for every k = 1, . . . , m∣∣∣∣xk − ˆ d
0
hk(t)dt
∣∣∣∣ = ∣∣∣∣(ˆ d
0
γ˙(t)dt
)
k
−
ˆ d
0
hk(t)dt
∣∣∣∣
=
∣∣∣∣∣
m∑
j=1
ˆ d
0
hj(t)
(
X˜j(γ(t))
)
k
dt−
m∑
j=1
ˆ d
0
hj(t) (ej)k dt
∣∣∣∣∣
=
∣∣∣∣∣
m∑
j=1
ˆ d
0
hj(t)
(
X˜j(γ(t))− ej
)
k
dt
∣∣∣∣∣ ≤ mCrd ≤ mCr2.
Hence, if for every x ∈ B˜(0, r) we set d := d˜(x, 0) and we denote by h a control associated with
the geodesic γ joining 0 and x, we have
lim
r→0
(
sup
{
1
r
∣∣∣∣xk − ˆ d
0
hk(t)dt
∣∣∣∣ : x ∈ B˜(0, r), k = 1, . . . , m}) = 0. (11)
Notice also that for every x ∈ B˜(0, r)
f(Fp(x)) = f(Fp(x))− f(Fp(0))
= f(Fp(γ(d)))− f(Fp(γ(0))) =
ˆ d
0
m∑
j=1
Xjf(Fp(γ(t)))hj(t)dt.
Let ε > 0 be fixed. By (11) and the continuity of Xf we can choose r0 ∈ (0, R) such that
sup
{
1
r
∣∣∣∣(x1, . . . , xm)− ˆ d
0
h(t)dt
∣∣∣∣ : x ∈ B˜(0, r)} < ε2|Xf(p)| ∀ r ∈ (0, r0)
|Xf(Fp(x))−Xf(p)| <
ε
2
∀ x ∈ B˜(0, r0).
For any r ∈ (0, r0) and x ∈ B˜(0, r) we have
|f(Fp(x))− L˜Xf(p)(x)|
=
∣∣∣∣∣
ˆ d
0
〈h(t), Xf(Fp(γ(t)))〉 dt−
m∑
j=1
Xjf(p)xj
∣∣∣∣∣
≤
ˆ d
0
|h(t)||Xf(Fp(γ(t)))−Xf(p)|dt+ |Xf(p)|
∣∣∣∣(x1, . . . , xm)− ˆ d
0
h(t)dt
∣∣∣∣
< d
ε
2
+ |Xf(p)|
∣∣∣∣(x1, . . . , xm)− ˆ d
0
h(t)dt
∣∣∣∣ .
The result follows dividing both sides by r and taking into account that d ≤ r. 
An immediate consequence of Proposition 2.13 is Corollary 2.14, where we start using the
following very convenient notation: given t ∈ R and a function f : I → R defined on some set
I, we denote by {f > t}, {f = t}, etc. the sets {x ∈ I : f(x) > t}, {x ∈ I : f(x) = t}, etc. This
notation will be extensively used in the paper.
Corollary 2.14. Let p ∈ Rn and f ∈ C1X(B(p, R)) for some R > 0; suppose that f(p) = 0,
Xf 6= 0 in B(p, R) and consider the C1X hypersurface S := {q ∈ B(p, R) : f(q) = 0}. Then, for
every ε > 0, there exists r0 > 0 such that, for every r ∈ (0, r0)
F−1p (S) ∩ B˜(0, r) ⊆ {x ∈ B˜(0, r) : −εr ≤ L˜Xf(p)(x) ≤ εr}. (12)
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Moreover
lim
r→0
L n({x ∈ B˜(0, r) : f(Fp(x))L˜Xf(p)(x) < 0})
rQ
= 0. (13)
Proof. Fix ε > 0 and apply Proposition 2.13 to get r0 > 0 such that for every 0 < r < r0 and for
every x ∈ B˜(0, r) we have |f(Fp(x))− L˜Xf(p)(x)| ≤ εr. Then, if we take x ∈ B˜(0, r)∩{L˜Xf(p) ≥
2εr}, we also get
f(Fp(x)) ≥ εr.
Reasoning in the same way with the set {L˜Xf(p) ≤ −2εr} we readily get (12). The previous
argument shows that for any ε > 0 there exists r0 > 0 such that for any r ∈ (0, r0) we have
B˜(0, r) ∩ {(f ◦ Fp)L˜Xf(p) ≤ 0} ⊆ B˜(0, r) ∩ {−εr ≤ L˜Xf(p) ≤ εr}.
The proof of (13) follows by noticing that, by Theorem 2.6
L
n(B˜(0, r) ∩ {−εr ≤ L˜Xf(p) ≤ εr}) ≤ Cεr
Q,
for a suitable constant C independent of r. 
We point out for future references the following observation.
Remark 2.15. Let (Rn, X) be an equiregular CC space, p ∈ Rn, R > 0 and suppose that
f1, f2 ∈ C
1
X(B(p, R)) are such that f1(p) = f2(p) = 0 and Xf1(p) = Xf2(p); then one has
lim
r→0
1
rQ
L
n(B(p, r) ∩ {f1f2 ≤ 0}) = 0.
Indeed, taking into account (12) we observe that
lim
r→0
1
rQ
L
n({ξ ∈ B(p, r) : f1(ξ)f2(ξ) = 0}) = 0.
On the other hand, since L˜Xf1(p) = L˜Xf2(p) the set B(p, r) ∩ {f1f2 < 0} is contained in
B(p, r) ∩
(
{f1f2 < 0 and L˜Xf1(p) ◦ F
−1
p > 0} ∪ {f1f2 < 0 and L˜Xf1(p) ◦ F
−1
p ≤ 0}
)
,
that combined with (13) completes the proof.
We can now introduce the notion of intrinsic rectifiability in equiregular CC spaces. We
denote by H k and S k, respectively, the k-dimensional Hausdorff and spherical Hausdorff
measures in (Rn, d), see e.g. Definition A.3.
Definition 2.16 (X-rectifiability). Let (Rn, X) be an equiregular CC space of homogeneous
dimension Q ∈ N and let R ⊆ Rn. We say that R is countably X-rectifiable (respectively,
countably X-Lipschitz rectifiable) if there exists a family {Sh : h ∈ N} of C
1
X hypersurfaces
(resp., X-Lipschitz hypersurfaces) such that
H
Q−1
(
R \
∞⋃
h=0
Sh
)
= 0. (14)
Moreover we say that R is X-rectifiable (resp., X-Lipschitz rectifiable) if R is countably X-
rectifiable (resp., countably X-Lipschitz rectifiable) and H Q−1(R) < +∞.
Definition 2.17 (Horizontal normal). Let R ⊆ Rn be countably X-rectifiable and let (Sh) be
C1X hypersurfaces such that (14) holds. Then the horizontal normal νR : R → S
m−1 to R is
defined by
νR(p) := νSh(p) if p ∈ R ∩ Sh \
⋃
k<h
Sk .
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The horizontal normal νR is well-defined, up to a sign, H
Q−1-almost everywhere on R: this
is a standard consequence of the following result.
Proposition 2.18. Let (Rn, X) be an equiregular CC space and let S1, S2 ⊆ Rn be two hyper-
surfaces of class C1X . Then the set
E := {p ∈ S1 ∩ S2 : νS1(p) /∈ {±νS2(p)}}
is H Q−1-negligible.
Proof. By a localization argument we can suppose without loss of generality that S1 is bounded
in Rn and that H Q−1(E) ≤ H Q−1(S1) < +∞. For every δ > 0 define
Eδ := {p ∈ E : |〈νS1(p), νS2(p)〉| ≤ 1− δ}.
Then we have E =
⋃
{Eδ : δ ∈ (0,+∞) ∩Q}.
Fix ε ∈ (0, 1/4) and define for every R > 0 the set Eδ,R of all the points p of Eδ such that
the following three properties hold for every r ≤ 2R
(a) if C > 0 is the constant appearing in Theorem 2.6, for every x ∈ A(Cr) we have
B̂p(x, εr) ⊆ B˜p(x, 2εr);
(b) for i = 1, 2 we have F−1p (Si ∩B(p, 2r)) ⊆ {|L˜νSi(p)| < εr};
(c) diamB(p, r) = diam B˜p(0, r) ≥ r.
By Theorems 2.9 and 2.14 and the fact1 that diam B̂p(0, r) = 2r we deduce that Eδ,R ր Eδ as
R→ 0.
Fix now η ∈ (0, R
2
). Then there exist a sequence (qh) in R
n and a sequence (rh) in (0, η) such
that
Eδ,R ⊆
∞⋃
h=0
B(qh, rh) and
∞∑
h=0
(rh)
Q−1 ≤
∞∑
h=0
(diamB(qh, rh))
Q−1 ≤ S Q−1η (Eδ,R) + 1.
We can suppose without loss of generality that for every h ∈ N there exists ph ∈ B(qh, rh)∩Eδ,R.
Therefore for every h ∈ N one has B(qh, rh) ⊆ B(ph, 2rh) and consequently
Eδ,R ⊆
∞⋃
h=0
B(ph, 2rh).
Taking into account Theorem 2.6, we can find C > 0 such that for every h ∈ N one has
F−1ph (Eδ,R ∩B(ph, 2rh)) ⊆ Ah
where
Ah :=
{
x ∈ Rn : ‖x‖ ≤ Crh and |L˜νSi(ph)(x)| ≤ εrh, for i = 1, 2
}
.
We prove now that L n(Ah) ≤ Cδε
2rQh for some Cδ > 0 depending on δ. In fact, since
|〈νS1(ph), νS2(ph)〉| ≤ 1− δ, we have (up to an orthogonal change of coordinates){
x ∈ Rn : |L˜νSi(ph)(x)| < εrh for i = 1, 2
}
⊆ Q2(0, Cδεrh)× R
n−2,
1This is an easy consequence of the fact that the curve t 7→ exp(tX̂1) is globally length minimizing. This fact
is well-known to experts, even though the only reference we are aware of is [45, Proposizione 7.4].
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where the notation Q2(z, s) denotes a 2-dimensional cube of center z and size s. Hence
Ah ⊆
(
Q2(0, Cδεrh) ∩
{
x ∈ Rm :
m∑
j=1
|xj | ≤ Crh
})
×
{
x ∈ Rn−m :
n∑
j=m+1
|xj|
1
dj ≤ Crh
}
and consequently L n(Ah) ≤ Cδε
2rQh .
For every h ∈ N, combining Theorem A.2 and the fact that Ah is compact, we can find Nh ∈ N
and a family {xh,j : j = 1, . . . , Nh} of points of Ah such that {B̂ph(xh,j, εrh) : j = 1, . . . , Nh}
covers Ah and {B̂ph(xh,j, ε
rh
5
) : j = 1, . . . , Nh} is pairwise disjoint. Reasoning as above, it is
easy to see that
L
n
({
x ∈ Rn : d̂ph(x,Ah) <
εrh
5
})
≤ C˜δε
2rQh .
Therefore we can estimate
Nh ≤
L n
({
x ∈ Rn : d̂ph(x,Ah) <
εrh
5
})
L n
(
B̂ph(xh,j,
εrh
5
)
) ≤ Ĉδε2−Q
for some Ĉδ > 0 that, by Remark 2.10, depends only on δ. By property (a) we have also
B̂ph(xh,j, εrh) ⊆ B˜ph(xh,j, 2εrh), hence the family {B˜ph(xh,j , 2εrh) : j = 1, . . . , Nh} is a covering
of Ah, that is also a covering of F
−1
ph
(Eδ,R ∩ B(ph, rh)). Hence the family {B(F
−1
ph
(xh,j), 2εrh) :
j ∈ N} is a covering of Eδ,R ∩ B(ph, 2rh) In particular, since ε ∈ (0, 1/4) we have
S
Q−1
η (Eδ,R) ≤ S
Q−1
4εη (Eδ,R) ≤
∞∑
h=0
S
Q−1
4εη (Eδ,R ∩B(ph, 2rh))
≤
∞∑
h=0
Nh∑
j=1
(
diamB(F−1ph (xh,j), 2εrh)
)Q−1
≤
∞∑
h=0
Nh(4εrh)
Q−1
≤
∞∑
h=0
Ĉδεr
Q−1
h ≤ Ĉδε(S
Q−1
η (Eδ,R) + 1).
Letting η → 0 we get S Q−1(Eδ,R) ≤ Ĉδε(S
Q−1(Eδ,R) + 1), which gives, letting R→ 0
S
Q−1(Eδ) ≤ Ĉδε(S
Q−1(Eδ) + 1).
Letting now ε → 0 we get, for any δ > 0, that S Q−1(Eδ) = 0 , i.e., S
Q−1(E) = 0. This
concludes the proof. 
2.3. Approximate notions of continuity, X-jumps and X-differentiability. In this sec-
tion we introduce the notions of approximate continuity, approximate X-jumps and approxi-
mate X-differentiability; we keep on working in a fixed equiregular CC space (Rn, X). We use
the notation  
A
u dL n :=
1
L n(A)
ˆ
A
u dL n
and, in what follows, we denote by Ω an open subset of Rn.
Definition 2.19 (Approximate Limit). Let u ∈ L1loc(Ω;R
k), z ∈ Rk and p ∈ Ω. We say that
z ∈ Rk is the approximate limit of u at p if
lim
r→0
 
B(p,r)
|u− z|dL n = 0.
We denote by u⋆(p) the approximate limit of u at p and by Su the set of points in Ω where u
does not admit an approximate limit.
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If the approximate limit of u at a point p exists, it is also unique. By the generalized
Lebesgue’s differentiation theorem (see e.g. [28, Section 2.7]), we have L n(Su) = 0 and u
⋆ = u
a.e. on Ω. Moreover it can be easily proved (adapting e.g. [2, Proposition 3.64]) that Su is a
Borel set and that u⋆ : Ω \ Su → R
k is a Borel map.
Remark 2.20. Let Ω, u, z and p be as in Definition 2.19. Then u has approximate limit z at p
if and only if, working in adapted exponential coordinates Fp around p, as r → 0 the functions
u◦Fp◦δr converge in L
1
loc(R
n;Rk) to the constant function z. This is an easy exercise left to the
reader; alternatively, it is enough to follow the proof of Proposition 2.26 below with a = b = z.
Definition 2.21 (Essential boundary). Given a measurable set E ⊆ Rn and t ∈ [0, 1] we denote
by Et the set of points with density t for E, i.e., the set of all p ∈ Rn satisfying
lim
r→0
L
n(E ∩B(p, r))
L n(B(p, r))
= t.
The essential boundary of E is ∂∗E := Rn \ (E0 ∪ E1).
The following proposition is standard; for the reader’s convenience we prove it later in Propo-
sition A.1.
Proposition 2.22. Let u ∈ L1loc(Ω), p ∈ Ω \ Su and t 6= u
⋆(p); then p /∈ ∂∗{u > t}.
We now introduce the notion of X-jump points; this requires a certain amount of work,
one of the reasons being that there is no canonical way of separating a CC ball B(p, r) into
complementary “half-balls” B+ν (p, r), B
−
ν (p, r). We will use as separating sets an arbitrary hy-
persurface S of class C1X such that νS(p) = ν, and one of the issues (Remark 2.27 below) is
proving well-posedness of our definition independently of the choice of S.
For any fixed p ∈ Rn, ν ∈ Sm−1 and r > 0 we introduce the notation B+ν (p, r) and B
−
ν (p, r)
as follows. Given R > 0 and f ∈ C1X(B(p, R)) such that
2 f(p) = 0 and Xf(p)/|Xf(p)| = ν, we
set for r ∈ (0, R)
B+ν (p, r) := B(p, r) ∩ {f > 0} and B
−
ν (p, r) := B(p, r) ∩ {f < 0}. (15)
These objects are well-defined only if r is small enough. Moreover, there is a clear abuse of
notation, since B±ν (p, r) depend on the choice of f . However, this will not effect the validity of
our results.
Before introducing the notion of approximate X-jumps we state some properties of the “half-
balls” B±ν (p, r). Proposition 2.23 is used in the proof of Theorem 3.14.
Proposition 2.23. Let (Rn, X) be an equiregular CC space and let Ω ⊆ Rn be an open set.
Then, for any p ∈ Ω and ν ∈ Sm−1.
lim
r→0
L n (B+ν (p, r))
L n (B(p, r))
= lim
r→0
L n (B−ν (p, r))
L n (B(p, r))
=
1
2
Proof. Let U be a neighborhood of p and let f ∈ C1X(U) be such that f(p) = 0 and Xf(p) = ν.
Choose ε ∈ (0, 1). By Proposition 2.13 and Theorem 2.9 we can suppose without loss of
generality that for every small enough r one has Fp(B˜(0, r)) = B(p, r) and
F−1p (B
+
ν (p, r)) = B˜(0, r) ∩ {f ◦ Fp > 0} ⊆ B̂(0, (1 + ε)r) ∩ {L˜ν ≥ −εr}. (16)
Analogously
B̂(0, (1− ε)r) ∩ {L˜ν ≥ εr} ⊆ B˜(0, r) ∩ {f ◦ Fp > 0} = F
−1
p (B
+
ν (p, r)). (17)
2One can consider for instance f = L˜ν ◦ Fp.
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Applying δ1/r to both sides of (16) and evaluating the Lebesgue measure we get
L n
(
F−1p (B
+
ν (p, r))
)
rQ
= L n
(
δ1/r
(
F−1p (B
+
ν (p, r))
))
≤ L n
(
B̂(0, 1 + ε) ∩ {L˜ν ≥ −ε}
)
.
Taking the lim sup as r → 0 and letting ε→ 0 we infer
lim sup
r→0
L n
(
F−1p (B
+
ν (p, r))
)
rQ
≤ L n
(
B̂(0, 1) ∩ {L˜ν ≥ 0}
)
=
1
2
L
n(B̂(0, 1)),
where the last equality follows from Proposition 2.8. With the same argument, from (17) we
get
lim inf
r→0
L n
(
F−1p (B
+
ν (p, r))
)
rQ
≥
1
2
L
n(B̂(0, 1)),
hence
lim
r→0
L n
(
F−1p (B
+
ν (p, r))
)
rQ
=
1
2
L
n(B̂(0, 1)). (18)
By Theorem 2.9
lim
r→0
L n(B˜(0, r))
rQ
= lim
r→0
L
n(δ1/r(B˜(0, r))) = L
n(B̂(0, 1)), (19)
and combining (18) and (19) we get
lim
r→0
L n
(
F−1p (B
+
ν (p, r))
)
L n(B˜(0, r))
=
1
2
.
If c := | det∇F (0)| > 0, using (5) we notice that for every 0 < ε < c and every sufficiently
small r > 0 we have
(c− ε)L n
(
F−1p (B
+
ν (p, r))
)
(c+ ε)L n(B˜(0, r))
≤
L n (B+ν (p, r))
L n(B(p, r))
≤
(c+ ε)L n
(
F−1p (B
+
ν (p, r))
)
(c− ε)L n(B˜(0, r))
.
The result follows passing to the limit as r → 0, letting ε→ 0 and, eventually, using a similar
argument for B−ν . 
We can now introduce the notion of X-jump points.
Definition 2.24 (Approximate X-jumps). Let u ∈ L1loc(Ω;R
k) and p ∈ Ω. We say that u has
an approximate X-jump at p if there exist a, b ∈ Rk with a 6= b and ν ∈ Sm−1 such that
lim
r→0
 
B+ν (p,r)
|u− a|dL n = lim
r→0
 
B−ν (p,r)
|u− b|dL n = 0. (20)
In this case we say that (a, b, ν) is an approximate X-jump triple of u at p. We shall denote
by Ju the set of approximate X-jump points of u and by (u
+(p), u−(p), νu(p)) the approximate
X-jump triple for u at p ∈ Ju.
Remark 2.25. Using e.g. Proposition 2.23 one easily proves that Ju ⊆ Su.
Notice that, if u has an approximate X-jump at p associated with (a, b, ν), then it is also
associated with the triple (b, a,−ν). For this reason, it will be sometimes convenient to consider
the space of triples endowed with the equivalence relation (a, b, ν) ≡ (a′, b′, ν ′) if and only if
(a, b, ν) = (a′, b′, ν ′) or (a, b, ν) = (b′, a′,−ν ′). The following Proposition 2.26 shows that the
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X-jump triple (u+(p), u−(p), νu(p)) is unique up to equivalence, for the map R
k ×Rk × Sm−1 ∋
(a, b, ν)→ wa,b,ν ∈ L
1
loc(R
n;Rk) defined by (21) below satisfies
wa,b,ν = wa′,b′,ν′ ⇐⇒ (a, b, ν) ≡ (a
′, b′, ν ′).
In the theory of classical BV functions a jump point can be detected, via a blow-up procedure,
in terms of L1loc-convergence to a function taking two different values on complementary half-
spaces; this is the content of the next statement, which also gives an equivalent definition of
approximate X-jump points.
Proposition 2.26. Let (Rn, X) be an equiregular CC space, Ω an open set, u ∈ L1loc(Ω;R
k),
p ∈ Ω and let a, b ∈ Rk with a 6= b and ν ∈ Sm−1 be fixed. Then the following statements are
equivalent:
(i) p ∈ Ju and (u
+(p), u−(p), νu(p)) ≡ (a, b, ν);
(ii) working in adapted exponential coordinates Fp around p, as r → 0 the functions u˜r :=
u ◦ Fp ◦ δr converge in L
1
loc(R
n;Rk) to
wa,b,ν(y) :=
{
a if L˜ν(y) > 0
b if L˜ν(y) < 0.
(21)
Proof. We can assume without loss of generality that k = 1.
We prove the implication (i)⇒(ii); we can assume that (u+(p), u−(p), νu(p)) = (a, b, ν) and,
writing w := wa,b,ν , we prove that for any fixed R > 0 one has
lim
r→0
ˆ
B̂(0,R)
|u ◦ Fp ◦ δr − w| dL
n = 0.
By a change of variables, this is equivalent to proving that
lim
r→0
1
rQ
ˆ
B̂(0,r)
|u ◦ Fp − w| dL
n = 0. (22)
Let f be the real function of class C1X defined on a neighborhood of p used to define, as in (15),
the half-balls B±ν (p, r) appearing in (20); we set for brevity
B̂+ν (0, r) := B̂(0, r) ∩ {L˜ν > 0}, B̂
−
ν (0, r) := B̂(0, r) ∩ {L˜ν < 0}
B˜+ν (0, r) := B˜(0, r) ∩ {f ◦ Fp > 0}, B˜
−
ν (0, r) := B˜(0, r) ∩ {f ◦ Fp < 0}.
By Theorem 2.9 there exists an increasing function ω : (0,+∞)→ (0,+∞) such that
lim
r→0
ω(r)
r
= 0 and B̂(0, r) ⊆ B˜(0, r + ω(r))
for any sufficiently small r. Therefore
1
rQ
ˆ
B̂(0,r)
|u ◦ Fp − w| dL
n
=
1
rQ
( ˆ
B̂+ν (0,r)
|u ◦ Fp − a| dL
n +
ˆ
B̂−ν (0,r)
|u ◦ Fp − b| dL
n
)
≤
1
rQ
( ˆ
B˜+ν (0,r+ω(r))
|u ◦ Fp − a| dL
n +
ˆ
B̂+ν (0,r)\B˜
+
ν (0,r+ω(r))
(
|u ◦ Fp − b| + |a− b|
)
dL n
+
ˆ
B˜−ν (0,r+ω(r))
|u ◦ Fp − b| dL
n +
ˆ
B̂−ν (0,r)\B˜
−
ν (0,r+ω(r))
(
|u ◦ Fp − a|+ |a− b|
)
dL n
)
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and using B̂±ν (0, r) \ B˜
±
ν (0, r + ω(r)) ⊆ B˜(0, r + ω(r)) \ B˜
±
ν (0, r + ω(r)) ⊆ B˜
∓
ν (0, r + ω(r))
≤
1
rQ
(
2
ˆ
B˜+ν (0,r+ω(r))
|u ◦ Fp − a| dL
n + 2
ˆ
B˜−ν (0,r+ω(r))
|u ◦ Fp − b| dL
n
+ |a− b|L n
(
B˜(0, r + ω(r)) ∩ {(f ◦ Fp)L˜ν ≤ 0}
))
and (22) follows from (20) and Corollary 2.14 taking also Theorem 2.2 into account.
For the converse implication one has to prove that, if (ii) holds and f is a C1X real function
on a neighborhood of p such that f(p) = 0 and Xf(p)/|Xf(p)| = ν, then (20) holds with
B±ν (p, r) defined (see (15)) in terms of f . By Theorem 2.2 and a change of variables, proving
(20) amounts to proving that
lim
r→0
1
rQ
ˆ
B˜+ν (0,r)
|u ◦ Fp − a| dL
n = lim
r→0
1
rQ
ˆ
B˜−ν (0,r)
|u ◦ Fp − b| dL
n = 0
and this can be done by a boring adaptation, that we omit, of the previous argument. 
Remark 2.27. The proof of Proposition 2.26 implicitly shows that the validity of (20) does
not depend on the choice of the function f used in (15) to define B±ν (p, r).
The proof of the following result is standard and we postpone it to the Appendix B.
Proposition 2.28. Let (Rn, X) be an equiregular CC space, Ω be an open set and let u ∈
L1loc(Ω;R
k). Then the following facts hold:
(i) Ju is a Borel set and, up to a choice of a representative for X-jump triples, the function
Ju → R
k × Rk × Sm−1
p 7→ (u+(p), u−(p), νu(p))
is Borel;
(ii) for every f ∈ Lip(Rk;Rh) and p ∈ Ju we have
p ∈ Jf◦u ⇐⇒ f(u
+(p)) 6= f(u−(p))
and in this case ((f ◦ u)+(p), (f ◦ u)−(p), νf◦u(p)) ≡ (f(u
+(p)), f(u−(p)), νu(p)). Other-
wise, p /∈ Sf◦u and (f ◦ u)
⋆(p) = f(u+(p)) = f(u−(p)).
We now pass to he introduction of approximate X-differentiability.
Definition 2.29 (Approximate X-differentiability). Let u ∈ L1loc(Ω;R
k) and p ∈ Ω \ Su. We
say that u is approximately X-differentiable at p if there exist a neighborhood U of p and
f ∈ C1X(U ;R
k) such that f(p) = 0 and
lim
r→0
 
B(p,r)
|u− u⋆(p)− f |
r
dL n = 0. (23)
The subset of points of Ω in which u is approximately X-differentiable is denoted by Du.
If f is as in Definition 2.29 we will call Xf(p) ∈ Rk×m the approximate X-gradient of u at
p. By the following proposition the approximate X-gradient of u at p is uniquely determined,
and we denote it by DapX u(p).
Proposition 2.30 (Uniqueness of approximate X-gradient). Let (Rn, X) be an equiregular
CC space, Ω ⊆ Rn an open set, u ∈ L1loc(Ω;R
k) and p ∈ Ω \ Su. Let R > 0 and f1, f2 ∈
C1X(B(p, R);R
k); suppose that formula (23) holds for both f = f1 and f = f2. Then p ∈ Du,
f1(p) = f2(p) = 0 and Xf1(p) = Xf2(p).
Conversely, if f1(p) = f2(p) = 0 and Xf1(p) = Xf2(p), then formula (23) holds for f = f1
if and only if it holds for f = f2.
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Proof. It is not restrictive to assume that k = 1. Define for i = 1, 2 the functions Li := L˜Xfi(p).
Suppose first that both f1, f2 satisfy (23). Fix ε > 0 and by Proposition 2.13 choose r > 0 such
that for every ̺ ∈ (0, r)
|fi ◦ Fp − Li|
̺
<
ε
2
on B˜(0, ̺).
Then for such values of ̺ we have
 
B˜(0,̺)
|L1 − L2|
̺
dL n ≤
 
B˜(0,̺)
|f1 ◦ Fp − f2 ◦ Fp|
̺
dL n + ε
≤ C
 
B(p,̺)
|f1 − f2|
̺
dL n + ε
≤ C
 
B(p,̺)
|u− u⋆(p)− f1|+ |u− u
⋆(p)− f2|
̺
dL n + ε.
It follows that
lim
̺→0
 
B˜(0,̺)
|L1 − L2|
̺
dL n = 0.
If Xf1(p) 6= Xf2(p), by Theorem 2.6 one would get, for some C1 > 0
 
B˜(0,̺)
|L1 − L2| dL
n =
1
L n(B˜(0, ̺))
ˆ
B˜(0,̺)
|L1 − L2| dL
n
≥
1
L n (A(C1̺))
ˆ
A(̺/C1)
|L1 − L2|dL
n = C
̺Q+1
̺Q
= C̺,
a contradiction. This proves the first part of the statement.
Suppose now that Xf1(p) = Xf2(p) and that f1 satisfies (23). Then we have L1 = L2 and
 
B(p,̺)
|u− u⋆(p)− f2|
̺
dL n
≤
 
B(p,̺)
|f1 − L1 ◦ F
−1
p |+ |u(y)− u
⋆(p)− f1|+ |f2 − L2 ◦ F
−1
p |
̺
dL n.
By Proposition 2.13 this completes the proof. 
As for X-jump points, also approximate X-differentiability points can be detected by a blow-
up procedure.
Proposition 2.31. Let (Rn, X) be an equiregular CC space, Ω be an open subset of Rn, u ∈
L1loc(Ω;R
k) and let p ∈ Ω \ Su. Then u is approximate X-differentiable at p if and only if there
exists z = (z1, . . . , zk) ∈ R
k×m such that
u ◦ Fp ◦ δr − u
⋆(p)
r
→ (L˜z1 , . . . , L˜zk) in L
1
loc(R
n;Rk) as r → 0.
In this case we have DapX u(p) = z.
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Proof. We assume without loss of generality that k = 1. Assume first that p ∈ Du and let f be
as in (23); set z := DapX u(p) ∈ R
m. Given R > 0, by Theorem 2.9 one has for small enough rˆ
B̂(0,R)
∣∣∣∣u ◦ Fp ◦ δr − u⋆(p)r − L˜z
∣∣∣∣ dL n
=
1
rQ
ˆ
B̂(0,rR)
∣∣∣∣∣u ◦ Fp − u⋆(p)− L˜zr
∣∣∣∣∣ dL n ≤ 1rQ
ˆ
B˜(0,2rR)
∣∣∣∣∣u ◦ Fp − u⋆(p)− L˜zr
∣∣∣∣∣ dL n
≤
C
rQ
ˆ
B(p,2rR)
∣∣∣∣∣u− u⋆(p)− L˜z ◦ F−1pr
∣∣∣∣∣ dL n → 0 as r → 0,
(we used Proposition 2.30), which proves the first part of the statement.
Conversely, for any small enough r > 0 we have 
B(p,r)
∣∣∣∣∣u− u⋆(p)− L˜z ◦ F−1pr
∣∣∣∣∣ dL n ≤ CrQ
ˆ
B˜(0,r)
∣∣∣∣∣u ◦ Fp − u⋆(p)− L˜zr
∣∣∣∣∣ dL n
≤
C
rQ
ˆ
B̂(0,2r)
∣∣∣∣∣u ◦ Fp − u⋆(p)− L˜zr
∣∣∣∣∣ dL n = C
ˆ
B̂(0,2)
∣∣∣∣u ◦ Fp ◦ δr − u⋆(p)r − L˜z
∣∣∣∣ dL n,
which allows to conclude. 
The proofs of the following two results are postponed to Appendix B.
Proposition 2.32 (Properties of approximate differentiability points). Let (Rn, X) be an
equiregular CC space, Ω be an open set in Rn and let u ∈ L1loc(Ω;R
k). Then Du is a Borel
set and the map DapX u : Du → R
m×k is a Borel map.
Proposition 2.33 (Locality). Let (Rn, X) be an equiregular CC space, Ω an open set in Rn
and u, v ∈ L1loc(Ω;R
k). Suppose that p ∈ Ω is of density 1 for the set {q ∈ Ω : u(q) = v(q)}.
Then the following facts hold.
(i) If p ∈ Ω \ (Su ∪ Sv), then u
⋆(p) = v⋆(p).
(ii) If p ∈ Ju ∩ Jv, then (u
+(p), u−(p), νu(p)) ≡ (v
+(p), v−(p), νv(p)).
(iii) If p ∈ Du ∩ Dv then D
ap
X u(p) = D
ap
X v(p).
2.4. Functions with bounded X-variation. In this section we review the definition and
basic properties of BVX functions. We keep on working in a fixed equiregular CC space (R
n, X),
while Ω denotes a fixed open subset of Rn.
Definition 2.34 (Functions with bounded X-variation). We say that u ∈ L1loc(Ω) is a function
of locally bounded X-variation in Ω, and we write u ∈ BVX,loc(Ω), if there exists a R
m-valued
Radon measure DXu = (DX1u, . . . , DXmu) in Ω such that for every open set A ⋐ Ω and for
every ϕ ∈ C1c (A) we have
∀ i = 1, . . . , m
ˆ
A
ϕ d(DXiu) = −
ˆ
A
uX∗i ϕ dL
n, (24)
where X∗i denotes the formal adjoint of Xi. If u ∈ L
1(Ω), we say that u has bounded X-variation
in Ω, and we write u ∈ BVX(Ω), if, moreover, the total variation |DXu| of DXu is finite on Ω.
As customary, we write BVX(Ω;R
k) := (BVX(Ω))
k, and similarly for BVX,loc(Ω;R
k). It can
be useful to observe that if u ∈ BVX(Ω;R
k), the following inequalities hold
max
1≤i≤k
|DXu
i|(Ω) ≤ |DXu|(Ω) ≤
k∑
i=1
|DXu
i|(Ω). (25)
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The following approximation result is proved in [20, 24].
Theorem 2.35. Let u ∈ BVX(Ω;Rk). Then there exists a sequence (uh) in C∞(Ω;Rk) such
that
lim
h
‖uh − u‖L1(Ω;Rk) = 0 and lim
h
|DXuh|(Ω) = |DXu|(Ω).
We now state and prove a simple but useful result.
Proposition 2.36. Let Ω, Ω˜ be two open sets in Rn and let G : Ω → Ω˜ be a diffeomorphism.
Let also X1, . . . , Xm be vector fields on Ω and define for every i = 1, . . . , m the vector fields
Yi := dG(Xi) on Ω˜. Then
u ∈ BVX,loc(Ω) ⇐⇒ v := u ◦G
−1 ∈ BVY,loc(Ω˜). (26)
More precisely, for every open set U ⋐ Ω and setting V := G(U), one has for every u ∈
BVX,loc(Ω) that
m|DXu|(U) ≤ |DY v|(V ) ≤ M |DXu|(U) (27)
for m := infU | det∇G| and M := supU | det∇G|.
Proof. We claim that, for any open set U ⋐ Ω and any u ∈ BVX,loc(Ω), one has
v := u ◦G−1 ∈ BVY (V ) and |DY v|(V ) ≤M |DXu|(U).
This would be enough to conclude: indeed, the claim would imply both the ⇒ implication in
(26) and the second inequality in (27), while the ⇐ implication in (26) and the first inequality
in (27) simply follow by replacing X,U, u,G with (respectively) Y, V, v, G−1 and noticing that
m = (supV | det∇(G
−1)|)−1.
Let us prove the claim. First we assume that u ∈ C∞(U), so that also v is smooth on V . For
every ϕ ∈ C1c (V ;R
m) with |ϕ| ≤ 1, by a change of variable we have thatˆ
V
〈Y v, ϕ〉dL n =
ˆ
U
〈Xu, (ϕ ◦G)〉| det∇G|dL n,
which gives
|DY v|(V ) ≤M |DXu|(U).
In case u ∈ BVX(U) is not smooth, consider a sequence (uh) in C
∞(U) that converges to u in
L1(U) and such that
lim
h
|DXuh|(U) = |DXu|(U).
Defining vh := uh ◦G
−1, we easily get that vh converges to v in L
1(V ) as h→ +∞. Therefore
|DY v|(V ) ≤ lim inf
h
|DY vh|(V ) ≤M lim inf
h
|DXuh|(U) = M |DXu|(U)
and the proof is accomplished. 
Definition 2.37 (Sets with finite X-perimeter). A measurable set E ⊆ Rn has locally finite
X-perimeter (resp., finite X-perimeter) in Ω if χE ∈ BVX,loc(Ω) (resp., χE ∈ BVX(Ω)). In such
a case we define the X-perimeter measure PEX of E by P
E
X := |DXχE|.
It will sometimes be useful to write PX(E, ·) instead of P
E
X .
Definition 2.38 (Measure theoretic horizontal normal). If E is a set with locally finite X-
perimeter, then by Riesz representation theorem there exists a PEX -measurable function νE :
Rn → Sm−1 such that
DXχE = νEP
E
X .
We call νE the measure theoretic horizontal normal to E.
The following result is proved in [1] and it will be of capital importance in the following.
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Theorem 2.39. Let (Rn, X) be an equiregular CC space of homogeneous dimension Q; let
E ⊆ Rn be a set with finite X-perimeter in an open set Ω ⊆ Rn. Then
PEX Ω = θH
Q−1 (Ω ∩ ∂∗E) (28)
for a suitable positive function θ that is locally bounded away from 0. Moreover
lim sup
r→0
PEX (B(p, 2r))
PEX (B(p, r))
<∞ for PEX -a.e. p ∈ Ω ∩ ∂
∗E.
The proofs of the following well-known result can be found, for instance, in [20].
Theorem 2.40 (Coarea Formula for BVX functions). Let (Rn, X) be a CC space, let Ω be an
open set in Rn and let u ∈ BVX(Ω). Then, if we define Es := {p ∈ Ω : u(p) > s}, we have
|DXu|(Ω) =
ˆ +∞
−∞
PX(Es; Ω)ds.
The next result is essentially [10, Theorem 1.2]; note, however, that the dimension Q appear-
ing in [10, Theorem 1.2] is slightly different from the homogeneous dimension we are considering.
See also [29].
Theorem 2.41. Let Ω be an open subset of an equiregular CC space (Rn, X) of homogeneous
dimension Q and let K ⊆ Ω be compact. Then there exist C > 0 and R > 0 such that, for
every p ∈ K, r ∈ (0, R) and u ∈ BVX,loc(Ω;R
k), the inequality( 
B(p,r)
|u− up,r|
Q
Q−1 dL n
)Q−1
Q
≤
C
rQ−1
|DXu|(B(p, r)),
where up,r :=
ffl
B(p,r)
u dL n, holds.
Proof. It is clearly enough to consider the case k = 1. The proof then easily follows by [27,
Theorem 5.1] on taking into account Theorem 2.2, [10, Theorem 1.1], [27, Corollary 9.8 and
Theorem 10.3] and Theorem 2.35. 
An easy consequence of Theorem 2.41 is the following isoperimetric inequality.
Theorem 2.42 (Isoperimetric inequality in CC spaces). Let (Rn, X) be an equiregular CC
space and let K ⊆ Rn be a compact set. Then there exist C > 0 and R > 0 such that, for every
p ∈ K, r ∈ (0, R) and every L n-measurable set E ⊆ Rn, one has
min {L n(E ∩B(p, r)),L n(B(p, r) \ E)}
Q−1
Q ≤ CPX(E,B(p, r)).
We conclude this section with some auxiliary results. The first one is proved in [16].
Theorem 2.43. Let X = (X1, . . . , Xm) and Xj = (X
j
1 , . . . , X
j
m), j ∈ N, be m-tuples of linearly
independent smooth vector fields on Rn such that X satisfies the Hörmander condition and its
CC balls are bounded in Rn; assume that, for every i = 1, . . . , m, Xji → Xi in C
∞
loc(R
n) as
j → ∞. Let uj ∈ BVXj ,loc(R
n) be a sequence of functions that is locally uniformly bounded in
BVXj , i.e., such that for any compact set K ⊆ R
n there exists M > 0 such that
∀j ∈ N ‖uj‖L1(K) + |DXjuj|(K) ≤M <∞.
Then, there exist u ∈ BVX,loc(R
n) and a subsequence (ujh) of (uj) such that ujh → u in L
1
loc(R
n)
as h→∞. Moreover, for any bounded open set Ω ⊆ Rn one has
|DXu|(Ω) ≤ lim inf
j→∞
|DXjuj|(Ω).
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The proof of Theorem 2.43 given in [16] implicitly contains also the following result’s proof,
that we however provide for the sake of completeness.
Proposition 2.44. Let X = (X1, . . . , Xm) and Xj = (X
j
1 , . . . , X
j
m), j ∈ N, be m-tuples of
linearly independent smooth vector fields on Rn such that, for every i = 1, . . . , m, Xji → Xi in
C∞loc(R
n) as j →∞. Let (uj) ⊆ L
1
loc(R
n) be a sequence converging in L1loc(R
n) to some u; then,
for any open bounded set Ω ⊆ Rn one has
|DXu|(Ω) ≤ lim inf
j→∞
|DXjuj|(Ω)
Proof. For any i = 1, . . . , m and any j ∈ N we write
Xi(x) =
n∑
k=1
ai,k(x)∂k and X
j
i (x) =
n∑
k=1
aji,k(x)∂k
for suitable smooth functions ai,k, a
j
i,k. Then, for any test function ϕ ∈ C
1
c (Ω;R
m) we have
ˆ
Ω
u
m∑
i=1
X∗i ϕi dL
n =
ˆ
Ω
u
m∑
i=1
n∑
k=1
∂k(ai,kϕi) dL
n = lim
j→∞
ˆ
Ω
uj
m∑
i=1
n∑
k=1
∂k(a
j
i,kϕi) dL
n
= lim
j→∞
ˆ
Ω
uj
m∑
i=1
Xji
∗
ϕi dL
n ≤ ‖ϕ‖L∞(Ω) lim inf
j→∞
|DXjuj|(Ω).
(29)
The proof is accomplished. 
Remark 2.45. Let X,Xj, uj, u be as in Proposition 2.44 and assume that |DXju
j| are locally
uniformly bounded in Rn, i.e., for any compact set K ⊆ Rn there exists CK < ∞ such that
|DXju
j|(K) < CK for all j. Then DXju
j weakly∗ converges to DXu in R
n.
Indeed, one can reason as in (29) to show that for any test function ϕ ∈ C1c (R
n) and any
i = 1, . . . , m
lim
j→∞
ˆ
ϕ dDXji
uj =
ˆ
ϕ dDXiu
and the density of C1c in C
0
c allows to conclude.
3. Fine properties of BV functions
This section is devoted to the proof of our main results.
Lemma 3.1. Let (Rn, X) be an equiregular CC space, let Ω ⊆ Rn be open and let (Eh) be a
sequence of measurable sets in Ω such that
lim
h
L
n(Eh) = 0 and lim
h
PX(Eh; Ω) = 0.
Then for every α ∈ (0, 1) we have
H
Q−1
(
∞⋂
h=1
{
p ∈ Ω : lim sup
r→0
L
n(Eh ∩ B(p, r))
L n(B(p, r))
≥ α
})
= 0.
Proof. Set
Eαh :=
{
q ∈ Ω : lim sup
r→0
L n(Eh ∩B(q, r))
L n(B(q, r))
≥ α
}
,
and suppose without loss of generality that L n(Eh) > 0 for every h ∈ N. Let K ⋐ Ω. By
Theorem 2.2 there exist C > 1 and R > 0 such that for every q ∈ K, for every 0 < r < 2R we
have
1
C
rQ ≤ L n(B(q, r)) ≤ CrQ.
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For any sufficiently large h ∈ N we have(
2CL n(Eh)
α
)
< RQ.
Fix now p ∈ Eαh ∩K and define δh =
(
4CL n(Eh)
α
)1/Q
; then
L n(Eh ∩ B(p, δh))
L n(B(p, δh))
≤
CL n(Eh)
δQh
=
α
4
.
On the other hand, by definition of Eαh we can find arbitrarily small radii r > 0 such that
L n(Eh ∩B(p, r))
L n(B(p, r))
≥
α
2
.
Taking into account Proposition A.9, a continuity argument allows us to find 0 < ̺ ≤ δh such
that
L
n(Eh ∩B(x, ̺)) =
α
2
L
n(B(x, ̺)).
By the 5r-covering Lemma, we can find a family {B(pj, ̺j) : j ∈ N} of pairwise disjoint balls
in Ω such that, for every j ∈ N,
pj ∈ E
α
h ∩K
L
n(Eh ∩B(pj , ̺j)) =
α
2
L
n(B(pj , ̺j))
Eαh ∩K ⊆
∞⋃
j=0
B(pj, 5̺j). (30)
Since L n(Eh) is finite, by Theorem 2.42 we get M > 0 such that
α
2C
̺Qj ≤
α
2
L
n(B(pj , ̺j)) = L
n(Eh ∩ B(pj , ̺j)) ≤
(
M PX(Eh;B(pj, ̺j))
) Q
Q−1 .
Therefore we have that for every j ∈ N
̺Q−1j ≤M
(
2C
α
)Q−1
Q
PX(Eh;B(pj, ̺j)).
Finally
H
Q−1
10δh
(
K ∩
∞⋂
i=0
Eαi
)
≤ H Q−110δh (K ∩ E
α
h )
(30)
≤ ωQ−15
Q−1
∞∑
j=0
̺Q−1j
≤ ωQ−15
Q−1M
(
2C
α
)Q−1
Q
∞∑
j=0
PX(Eh;B(pj , ̺j))
≤ ωQ−15
Q−1M
(
2C
α
)Q−1
Q
PX(Eh; Ω).
Taking the limit for h→∞ we get
H
Q−1
(
K ∩
∞⋂
i=0
Eαi
)
= 0.
By the arbitrariness of K, the proof is complete. 
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Before passing to the next result, we introduce some notation that we are going to use fre-
quently in what follows. Let p ∈ Rn be fixed and let Fp denote adapted exponential coordinates
as in (4), for a fixed choice of a basis Y1, . . . , Yn as in (4). Given r > 0 and i ∈ {1, . . . , m},
define
X˜ri := r(dδr−1)[X˜i ◦ δr]. (31)
If d˜r, B˜r(x, ̺) denote, respectively, distance and balls with respect to the metric induced by the
vector fields (X˜r1 , . . . , X˜
r
m), it is easy to see that the dilations δr satisfy
d˜r(ξ, η) =
1
r
d˜(δrξ, δrη).
By Theorem 2.9, the convergence
lim
r→0
B˜r(0, ̺) = B̂(0, ̺) (32)
holds in the Gromov-Hausdorff sense, B̂(0, ̺) denoting a ball in the tangent Carnot group at
p. Moreover, given u ∈ BVX,loc(R
n;Rk) we set
u˜ := u ◦ Fp and u˜r := u˜ ◦ δr; (33)
notice that |DX˜r u˜r|(B˜r(0, ̺)) = r
1−Q|DX˜ u˜|(B˜(0, r̺)).
We can now prove the following lemma.
Lemma 3.2. Let (Rn, X) be an equiregular CC space, let Ω ⊆ Rn be open and consider u ∈
BVX(Ω;R
k). Then
H
Q−1
({
p ∈ Ω : lim sup
r→0
 
B(p,r)
|u|
Q
Q−1 dL n = +∞
})
= 0.
Proof. We can suppose without loss of generality that k = 1. Possibly considering |u| instead
of u, we can suppose that u ≥ 0; we also assume without loss of generality that Ω is bounded
in Rn. Define the set
D =
{
p ∈ Ω : lim sup
r→0
|DXu|(B(p, r))
rQ−1
= +∞
}
.
By Proposition A.4 we have that H Q−1(D) = 0. For every h ∈ N we can find th ∈ (h, h + 1)
such that
PX({u > th},Ω) ≤
ˆ h+1
h
PX({u > t},Ω)dt.
Define Eh = {u > th}. Since u ∈ L
1(Ω) we have that limh L
n(Eh) = 0 and applying the
Coarea Formula of Theorem 2.40 we get
∞∑
h=0
PX(Eh,Ω) ≤
ˆ +∞
0
PX({u > t},Ω)dt = |DXu|(Ω) < +∞,
and therefore limh PX(Eh,Ω) = 0. We are in a position to apply Lemma 3.1. Defining for every
h ∈ N
Fh =
{
p ∈ Ω : lim sup
r→0
L
n(Eh ∩B(p, r))
L n(B(p, r))
≥ α
}
,
where α > 0 will be chosen later depending on Ω only, we have that H Q−1 (
⋂∞
h=0 Fh) = 0. It
is then sufficient to prove the inclusion
L :=
{
p ∈ Ω : lim sup
r→0
 
B(p,r)
|u|
Q
Q−1dL n = +∞
}
⊆ D ∪
∞⋂
h=0
Fh.
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To this aim, we fix p /∈ D ∪
⋂∞
h=0 Fh and we prove that p /∈ L. Define up,r :=
ffl
B(p,r)
udL n.
Applying Theorem 2.41 we get C > 0 and R > 0 such that for every q ∈ Ω and all 0 < r < R
 
B(q,r)
|u(y)− uq,r|
Q
Q−1dL n(y) ≤ C
(
|DXu|(B(q, r))
rQ−1
) Q
Q−1
. (34)
It is enough to prove that lim supr→0 up,r < +∞: in this case, in fact, inequality (34) and the
definition of D would imply that p /∈ L.
By contradiction we find an infinitesimal sequence (rj) such that limj up,rj = +∞. Define
u˜, u˜rj as in (33) (with r = rj) and v˜j := u˜rj − up,rj ; set also
X˜ji := X˜
rj
i and X˜
j := (X˜j1 , . . . , X˜
j
m).
Since p /∈ D, for any ̺ > 0 the sequence r1−Qj |DXu|(B(p, ̺rj)) is uniformly bounded with
respect to j ∈ N; by Proposition 2.36, the same is true for the sequence
|DX˜j v˜j |(B˜j(0, ̺)) = r
1−Q
j |DX˜ u˜|(B˜(0, ̺rj)),
where B˜j(0, ̺) := B˜rj (0, ̺) according to the notation introduced after (31). Taking also (32) into
account, this proves that, for any compact set K ⊆ Rn, the sequence |DX˜j v˜j|(K) is bounded;
by (34), also ‖v˜j‖L1(K) is bounded.
By Theorem 2.43 (recalling also Theorem 2.7) there exists w ∈ L1(B̂(0, 1)) such that, possibly
extracting a subsequence, v˜j → w in L
1(B̂(0, 1)). Consequently, for almost every x ∈ B̂(0, 1)
we have
lim
j
u(Fp(δrjx)) = +∞
and then, for every h ∈ N,
L
n(B̂(0, 1)) = lim
j
L
n({x ∈ B˜j(0, 1) : u(Fp(δrjx)) > th})
= lim
j
r−Qj L
n({x ∈ B˜(0, rj) : u(Fp(x)) > th})
= lim
j
1
rQj
ˆ
B(p,rj)∩Eh
| det∇F−1p | dL
n
≤ | det∇F−1p (p)| lim sup
r→0
L n(Eh ∩ B(p, r))
L n(B(p, r))
L n(B(p, r))
rQ
≤
C
| det∇Fp(0)|
lim sup
r→0
L n(Eh ∩B(p, r))
L n(B(p, r))
where C > 0 is given by Theorem 2.2 with K = Ω. Notice that L n(B̂(0, 1)) depends on p.
Using (32) we obtain
lim sup
r→0
L n(Eh ∩ B(p, r))
L n(B(p, r))
≥
| det∇Fp(0)|
C
L
n(B̂(0, 1)) =
| det∇Fp(0)|
C
lim
r→0
L
n(B˜r(0, 1))
=
| det∇Fp(0)|
C
lim
r→0
1
rQ
L
n(B˜(0, r)) =
| det∇Fp(0)|
C
lim
r→0
1
rQ
ˆ
B(p,r)
| det∇F−1p | dL
n
≥
1
C
lim inf
r→0
L
n(B(p, r))
rQ
≥
1
C2
.
This proves that p ∈
⋂∞
h=0 Fh for α := 1/C
2, a contradiction. 
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The following proposition contains some of the first “fine” properties of BVX functions we
are interested in.
Proposition 3.3. Let (Rn, X) be an equiregular CC space. Then there exists λ : Rn → (0,+∞)
locally bounded away from 0 such that, for every open set Ω ⊆ Rn and every u ∈ BVX(Ω;R
k)
|DXu| ≥ λ|u
+ − u−|S Q−1 Ju
and for every Borel set B ⊆ Ω the following implications hold:
H
Q−1(B) = 0 ⇒ |DXu|(B) = 0; (35)
H
Q−1(B) < +∞ and B ∩ Su = ∅ ⇒ |DXu|(B) = 0. (36)
Proof. Let us prove the first part of the statement; we assume without loss of generality that
k = 1. Consider p ∈ Ju. By Proposition 2.26 the sequence u˜r := u ◦ Fp ◦ δr converges in
L1(B̂(0, 1)) as r → 0 to the function
wp(y) :=
{
u+(p) if L˜ν(p)(y) ≥ 0
u−(p) if L˜ν(p)(y) < 0.
Defining X˜ri as in (31) and using Propositions 2.44 and 2.36 we obtain for any positive ε that
lim inf
r→0
|DXu|(B(p, r))
rQ−1
≥| det∇Fp(0)| lim inf
r
|DX˜r u˜r|(B˜r(0, 1))
≥| det∇Fp(0)| lim inf
r
|DX˜r u˜r|(B̂(0, 1− ε))
≥| det∇Fp(0)| |DX̂wp|(B̂(0, 1− ε)),
whence
lim inf
r→0
|DXu|(B(p, r))
rQ−1
≥| det∇Fp(0)| |DX̂wp|(B̂(0, 1))
≥| det∇Fp(0)||u
+(p)− u−(p)|H n−1e (ν
⊥ ∩ B̂(0, 1))
(37)
where ν := (ν1, . . . , νm, 0, . . . , 0) ∈ R
n and H n−1e denotes the Euclidean Hausdorff measure in
Rn. It is easily seen that, for any p ∈ Rn, there exist c > 0 and a neighborhood U of p such that
the function λ(q) := | det∇Fq(0)|H
n−1
e (ν
⊥ ∩ B̂q(0, 1)) is such that λ ≥ c on U . By Corollary
A.5, this proves the first part of the statement.
By Theorem 2.39, the implication (35) is true in case k = 1 and u = χE for some E ⊆ R
n
with finite X-perimeter. If k = 1 and u ∈ BVX(Ω), we define Es := {u > s} and we apply
Theorem 2.40 (and, again, Theorem 2.39) to get
|DXu|(B) =
ˆ +∞
−∞
PX(Es;B)ds =
ˆ +∞
−∞
(ˆ
B∩∂∗Es
θsdH
Q−1
)
ds
for suitable positive functions θs. This allows to infer (35). In the general case k ≥ 1, it is
sufficient to recall inequality (25).
In order to prove (36) we consider u ∈ BVX(Ω;R
k) and a Borel subset B of Ω such that
B ∩ Su = ∅. If k = 1, by Theorem 2.40 we obtain again
|DXu|(B) =
ˆ +∞
−∞
(ˆ
B∩∂∗Es
θs dH
Q−1
)
ds =
ˆ
B
ˆ
R
θs(p)χ∂∗Es(p) ds dH
Q−1(p) = 0,
the last equality following from Proposition 2.22. In the case u ∈ BVX(Ω;R
k) with k ≥ 2, it
is sufficient to notice that B ∩ Su = ∅ implies B ∩ Suα = ∅ for every α = 1, . . . , k, and one
concludes using inequality (25). 
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We now prove some of our main results.
Proof of Theorems 1.2 and 1.5. It is not restrictive to suppose k = 1. We first prove Theorem
1.2.
By the Coarea Formula we get a countable and dense set D ⊆ R such that for every t ∈ D
the level set {u > t} has finite X-perimeter. We prove that
Su \ L ⊆
⋃
t∈D
∂∗{u > t} (38)
where, as in Lemma 3.2, L denotes the H Q−1-negligible set{
p ∈ Ω : lim sup
r→0
 
B(p,r)
|u|
Q
Q−1dL n = +∞
}
.
Theorem 1.2 is immediately implied by formula (38). In order to prove the latter, take p /∈ L
and suppose that p /∈
⋃
t∈D ∂
∗{u > t}; we will prove that p /∈ Su. By definition, p is either a
point of density 1 or a point of density 0 in {u > t} for every t ∈ D. Notice that for every
t ∈ D ∩ (0,+∞) one has
L n ({u > t} ∩ B(p, r))
L n(B(p, r))
≤
1
t
 
B(p,r)
|u|dL n ≤
1
t
( 
B(p,r)
|u|
Q
Q−1dL n
)Q−1
Q
and therefore, if t ∈ D ∩ (0,+∞) is large enough, p is a point of density 0 for {u > t}.
Analogously, if t ∈ D ∩ (−∞, 0) and −t is large enough, p is a point of density 1 for {u > t}.
Hence we can find a real number
z = z(p) := sup {t ∈ D : {u > t} has density 1 at p} .
By the density of D in R we get that, for every t > z, {u > t} has density 0 at p and, for every
t < z, {u > t} has density 1 at p.
We prove now that z is the approximate limit of u at p. To this end define Eε := {|u− z| > ε}
and estimate
1
rQ
ˆ
B(p,r)
|u− z|dL n ≤ εC +
1
rQ
ˆ
Eε∩B(p,r)
|u− z|dL n
≤ εC +
1
rQ
(L n(Eε ∩ B(p, r)))
1/Q
(ˆ
B(p,r)
|u− z|
Q
Q−1dL n
)Q−1
Q
= εC +
(
L n(Eε ∩ B(p, r))
rQ
)1/Q(
1
rQ
ˆ
B(p,r)
|u− z|
Q
Q−1dL n
)Q−1
Q
.
Since both {u > z + ε} and {u < z − ε} have density 0 at p, one has
lim
r→0
L n(Eε ∩ B(p, r))
rQ
= 0
and, since p /∈ L, we get
lim sup
r→0
1
rQ
ˆ
B(p,r)
|u− z|dL n ≤ Cε,
from which we deduce that p /∈ Su, as desired.
We now prove Theorem 1.5. When property R holds, the countable X-rectifiability of Su
immediately follows from (38). We have to prove that H Q−1(Su \ Ju) = 0. Let ν = νSu be the
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horizontal normal to Su and recall the notation B
±
ν (p, r) introduced in (15). By Proposition
3.7 below, for H Q−1-almost every p ∈ Su there exist u
+(p) and u−(p) in Rk such that
lim
r→0
1
rQ
ˆ
B+
ν(p)
(p,r)
|u− u+(p)|dL n = lim
r→0
1
rQ
ˆ
B−
ν(p)
(p,r)
|u− u−(p)|dL n = 0.
Notice that u+(p) 6= u−(p), for otherwise u would have an approximate limit at p. This implies
that p is an approximate X-jump point associated with the triple (u+(p), u−(p), ν(p)), and this
concludes the proof. 
A milder version of Theorem 1.5 holds when (Rn, X) satisfies the weaker property LR, that
we now introduce.
Definition 3.4 (Property LR). Let (Rn, X) be an equiregular CC space with homogeneous
dimension Q ∈ N. We say that (Rn, X) satisfies the property LR if, for every open set Ω ⊆ Rn
and every E ⊆ Rn with locally finite X-perimeter in Ω, the essential boundary ∂∗E ∩ Ω is
countably X-Lipschitz rectifiable.
The proof of the following result is an immediate consequence of (38).
Theorem 3.5. Let (Rn, X) be an equiregular CC space satisfying property LR and let u ∈
BVX(Ω;R
k). Then Su is countably X-Lipschitz rectifiable.
Before proving Proposition 3.7, that we used in the proof of Theorem 1.5, we state the
following theorem, which is a consequence of some results contained in [46]. We use the notation
B±f (p, r) := {q ∈ B(p, r) : ±f(q) > 0}.
Theorem 3.6. Let (Rn, X) be an equiregular CC space, let Ω ⊆ Rn be an open set and let
f ∈ C1X(Ω) be such that Xf 6= 0 on Ω; let S be the C
1
X hypersurface S := {p ∈ Ω : f(p) = 0}.
Then there exist linear operators T+, T− : BVX,loc(Ω;R
k) → L1loc(S,H
Q−1) such that, for any
u ∈ BVX,loc(Ω;R
k), one has for H Q−1-a.e. p ∈ S
lim
r→0
1
rQ
ˆ
B+
f
(p,r)
|u− T+u(p)|dL n = lim
r→0
1
rQ
ˆ
B−
f
(p,r)
|u− T−u(p)|dL n = 0.
In particular, for H Q−1-a.e. p ∈ S
T±u(p) = lim
r→0
1
rQ
ˆ
B±
f
(p,r)
u dL n.
We can now prove the following proposition, where we implicitly use Remark 2.27.
Proposition 3.7. Let (Rn, X) be an equiregular CC space and let Ω ⊆ Rn be an open set.
Let R ⊆ Ω be a countably X-rectifiable set with horizontal normal νR. Then, for every u ∈
BVX(Ω;R
k) and for H Q−1-almost every p ∈ R there exists a couple (u+R(p), u
−
R(p)) ∈ R
k × Rk
such that
lim
r→0
1
rQ
ˆ
Ω∩B+
νR(p)
(p,r)
|u− u+R(p)|dL
n = lim
r→0
1
rQ
ˆ
Ω∩B−
νR(p)
(p,r)
|u− u−R(p)|dL
n = 0. (39)
Moreover, if (Rn, X) satisfies property R and R = Ju
3, then (u+Ju(p), u
−
Ju
(p), νJu(p)) is an
approximate X-jump triple for u at p in the sense of Definition 2.24.
3The jump set Ju is countably X-rectifiable by Theorem 1.5 and Remark 2.25.
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Proof. We can assume without loss of generality that k = 1. Let u ∈ BVX(Ω) be fixed. By
definition of countable X-rectifiability we can find a family {Si : i ∈ N} of C
1
X hypersurfaces in
Rn such that
H
Q−1
(
R \
∞⋃
i=0
Si
)
= 0.
For every i ∈ N we can write, at least locally, Si = {fi = 0} and we can suppose that Xfi 6= 0
on Si. Formula (39) easily follows (with u
±
R(p) = T
±u(p)) from Theorem 3.6 for H Q−1-a.e.
p ∈ R such that #{i ∈ N : p ∈ Si} = 1. It is then enough to show that, for any fixed couple
i, j ∈ N with i 6= j and for H Q−1-almost every p ∈ Si ∩ Sj, the equivalence
(T+i u(p), T
−
i u(p), νSi(p)) ≡ (T
+
j u(p), T
−
j u(p), νSj(p)) (40)
holds. Here, T±i , T
±
j are the trace operators provided by Theorem 3.6 with f = fi, fj.
Fix a point p ∈ Si ∩ Sj where νSi(p) = ±νSj (p); recall that this fact occurs at H
Q−1-a.e.
p ∈ Si ∩ Sj. Assume that νSi(p) = νSj (p), i.e.,
Xfi(p)
|Xfi(p)|
=
Xfj(p)
|Xfj(p)|
; by Theorem 3.6 we have for
H Q−1-a.e. such p that
|T±i (p)− T
±
j (p)| = lim
r→0
1
rQ
∣∣∣∣∣
ˆ
{±fi>0}∩B(p,r)
u dL n −
ˆ
{±fj>0}∩B(p,r)
udL n
∣∣∣∣∣
≤ lim
r→0
1
rQ
ˆ
{fifj≤0}∩B(p,r)
|u|dL n
≤ lim
r→0
1
rQ
L
n({fifj ≤ 0} ∩B(p, r))
1/Q
(ˆ
B(p,r)
|u|
Q
Q−1dL n
)Q−1
Q
.
By Remark 2.15 we have
lim
r→0
1
rQ
L
n({fifj ≤ 0} ∩ B(p, r)) = 0,
while by Lemma 3.2 we also have that for H Q−1-almost every p ∈ Ω
lim sup
r→0
1
rQ
ˆ
B(p,r)
|u|
Q
Q−1dL n < +∞.
This proves that T±i (p) = T
±
j (p) for H
Q−1-a.e. p ∈ Si∩Sj such that νSi(p) = νSj (p). A similar
argument shows that T±i (p) = T
∓
j (p) holds for H
Q−1-a.e. p ∈ Si ∩ Sj with νSi(p) = −νSj (p).
This proves (40), while the last statement of the proposition follows from Theorem 3.6. 
The problem of studying “intrinsic” measures of submanifolds of a CC space goes back to
M. Gromov [26, 0.6.b]: the interested reader might consult [32, 33, 34, 40] and the references
therein. Since we do not intend to dwell on such questions, we follow a different (“axiomatic”)
path; this is based on the following definition, where we chose to work with the spherical
Hausdorff measure S Q−1, rather than the standard one, because the results mentioned above
(as well as [22, 23]) suggest S Q−1 to be more natural than the standard measure H Q−1.
Definition 3.8 (Property D). Let (Rn, X) be an equiregular CC space with homogeneous
dimension Q ∈ N. We say that (Rn, X) satisfies the property D if there exists a function
ζ : R × Sm−1 → (0,+∞) such that, for every C1X hypersurface S ⊆ R
n and every p ∈ S, one
has
lim
r→0
S Q−1(S ∩ B(p, r))
rQ−1
= ζ(p, νS(p)).
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Remark 3.9. If (Rn, X) is an equiregular CC space satisfying property D and R ⊆ Rn is
X-rectifiable, then we have
lim
r→0
S Q−1(R ∩B(p, r))
rQ−1
= ζ(p, νR(p)) for S
Q−1-a.e. p ∈ R,
where ζ is as in Definition 3.8.
Let us prove this fact. Let Si, i ∈ N, be a family of C
1
X hypersurfaces such that S
Q−1(R \
∪i∈NSi) = 0; it is enough to show that, for any fixed i ∈ N, we have
lim
r→0
S Q−1(R ∩ B(p, r))
rQ−1
= ζ(p, νR(p)) for S
Q−1-a.e. p ∈ R ∩ Si.
Setting R∆Si := (R \ Si) ∪ (Si \ R), by Remark A.6 (applied with µ := S
Q−1 (R∆Si)) we
obtain
lim
r→0
S Q−1((R∆Si) ∩ B(p, r))
rQ−1
= 0 for S Q−1-a.e. p ∈ R ∩ Si,
which gives for S Q−1-a.e. p ∈ R ∩ Si
lim
r→0
S Q−1(R ∩B(p, r))
rQ−1
= lim
r→0
S Q−1(Si ∩B(p, r))
rQ−1
= ζ(p, νSi(p)) = ζ(p, νR(p))
as desired.
Assuming properties R and D we are able to prove the following result, where we use the
notation u+R, u
−
R of Proposition 3.7.
Theorem 3.10. Let (Rn, X) be an equiregular CC space satisfying properties R and D; then,
there exists a function σ : Rn × Sm−1 → (0,+∞) such that the following holds. For every open
set Ω ⊆ Rn, u ∈ BVX(Ω;R
k) and every countably X-rectifiable set R ⊆ Rn one has
DXu R = σ(·, νR)(u
+
R − u
−
R)⊗ νR S
Q−1 R.
In particular, DjXu = σ(·, νu)(u
+ − u−)⊗ νu S
Q−1 Ju.
Proof. We can assume without loss of generality that k = 1 and S Q−1(R) <∞. By Theorem
1.5 and Proposition 3.3 we can also assume that R ⊆ Ju. Given p ∈ R
n we work in adapted
exponential coordinates Fp around p and we define
σ(p, ν) :=
| det∇Fp(0)|H
n−1
e (ν
⊥ ∩ B̂p(0, 1))
ζ(p, ν)
where ζ is as in Definition 3.8 and, as in the proof of Proposition 3.3, H n−1e denotes the
Euclidean Hausdorff measure in Rn.
Let µR := DXu R; by Proposition 3.3 we have µR ≪ S
Q−1 R. By Remark 3.9 we can
use [17, Theorem 2.9.8] (joint with [17, Theorem 2.8.17]) and it is enough to prove that for
S Q−1-a.e. p ∈ R
lim
r→0
µR(B(p, r))
S Q−1(R ∩ B(p, r))
= σ(p, νR(p))(u
+
R(p)− u
−
R(p))νR(p);
notice that the limit above exists S Q−1-almost everywhere. Taking into account Remark 3.9
and the fact that (by Remark A.6)
lim
r→0
|DXu− µR|(B(p, r))
rQ−1
= 0 for S Q−1-a.e. p ∈ R,
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it suffices to prove that, for S Q−1-a.e. p ∈ R, there exists an infinitesimal sequence (ri) such
that
lim
i→+∞
DXu(B(p, ri))
rQ−1i
= | det∇Fp(0)|H
n−1
e (ν
⊥ ∩ B̂p(0, 1))(u
+
R(p)− u
−
R(p))νR(p).
We prove that such a sequence exists at all points where lim supr→0
|DXu|(B(p,r))
rQ−1
< ∞, which
holds for S Q−1-a.e. p ∈ R due to Remark A.6.
Let then such a p ∈ R be fixed; since R ⊆ Ju, the functions u˜r := u ◦ Fp ◦ δr converge in
L1loc(R
n) to
wp(y) :=
{
u+(p) if L˜νR(p)(y) ≥ 0
u−(p) if L˜νR(p)(y) < 0,
where we used the fact that νR = νJu = νu S
Q−1-a.e. on R. Let u˜ := u ◦ Fp; since (recall
notation (31)) |DX˜r u˜r|(B˜r(0, ̺)) = |DX˜ u˜|(B˜(0, r̺))/r
Q−1 is bounded as r → 0 for any positive
̺, by Remark 2.45 the sequence DX˜r u˜r weakly
∗ converges in Rn to DX̂wp as r → 0. Let si be
an infinitesimal sequence such that |DX˜si u˜si| weakly
∗ to some measure λ in Rn; let ̺ ∈ (0, 1) be
such that λ(∂B̂p(0, ̺)) = 0 (which holds for all except at most countably many ̺) and define
ri := ̺si. Proposition 2.36 gives
lim
i→∞
DXu(B(p, ri))
rQ−1i
=| det∇Fp(0)| lim
i→∞
DX˜ u˜(B˜(0, ri))
rQ−1i
=| det∇Fp(0)| lim
i→∞
DX˜si u˜
si(B˜si(0, ̺))
̺Q−1
.
We prove in a moment that
lim
i→∞
DX˜si u˜
si(B˜si(0, ̺))
̺Q−1
=
DX̂wp(B̂p(0, ̺))
̺Q−1
; (41)
assuming this to be true, we have
lim
i→∞
DXu(B(p, ri))
rQ−1i
=| det∇Fp(0)|
DX̂wp(B̂p(0, ̺))
̺Q−1
=| det∇Fp(0)|H
n−1
e (ν
⊥ ∩ B̂p(0, 1))(u
+
R(p)− u
−
R(p))νR(p).
and the proof would be concluded.
Let us prove (41). Defining
µi := DX˜si u˜
si B˜si(0, ̺), µ := DX̂wp B̂p(0, ̺)
and taking into account [2, Proposition 1.62 (b)], it will suffice to show that
µi
∗
⇀ µ and |µi|
∗
⇀ λ B̂p(0, ̺). (42)
Concerning the first statement in (42), fix a test function ϕ ∈ C0c (R
n); then
lim
i→∞
ˆ
ϕ dµi = lim
i→∞
ˆ
B˜si (0,̺)
ϕ dDX˜si u˜
si
= lim
i→∞
ˆ
B̂p(0,̺)
ϕ dDX˜si u˜
si +
ˆ
B˜si(0,̺)\B̂p(0,̺)
ϕ dDX˜si u˜
si −
ˆ
B̂p(0,̺)\B˜si (0,̺)
ϕ dDX˜si u˜
si
= lim
i→∞
ˆ
B̂p(0,̺)
ϕ dDX̂wp,
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where the last equality follows from the weak∗ convergence of DX˜si u˜
si to DX̂wp and the fact
that (denoting by ∆ the symmetric difference of sets)
lim
i→∞
|DX˜si u˜
si|(B˜si(0, ̺)∆B̂p(0, ̺)) = 0
that, in turn, can be proved as follows. For any ε > 0 there exists δ ∈ (0, ̺) such that
λ
(
B̂p(0, ̺+ δ) \ B̂p(0, ̺− δ)
)
< ε;
by Theorem 2.9 we obtain
lim sup
i→∞
|DX˜si u˜
si|(B˜si(0, ̺)∆B̂p(0, ̺)) ≤ lim sup
i→∞
|DX˜si u˜
si|
(
B̂p(0, ̺+ δ) \ B̂p(0, ̺− δ)
)
≤λ
(
B̂p(0, ̺+ δ) \ B̂p(0, ̺− δ)
)
< ε,
where we used [2, Proposition 1.62 (a)].
The first statement in (42) is proved; we are left with the second one, which can be easily
proved by the very same argument taking into account that |µi| = |DX˜si u˜
si| B˜si(0, ̺). 
Let us recall once more the notation up,r :=
ffl
B(p,r)
u dL n.
Lemma 3.11. Let (Rn, X) be an equiregular CC space of homogeneous dimension Q and let
Ω ⊆ Rn be an open bounded set. Then there exist C = C(Ω) > 0 and R = R(Ω) > 0 such that,
for every p ∈ Ω, every u ∈ BVX(Ω;R
k) and every 0 < r < min{R, 1
2
d(p, ∂Ω)}, one has
|up,2r − up,r| ≤ Cr
1−Q|DXu|(B(p, 2r)).
Proof. We use Theorems 2.2 and 2.41 to estimate
|up,2r − up,r| =
∣∣∣∣ 
B(p,r)
(u− up,2r) dL
n
∣∣∣∣ ≤ C  
B(p,2r)
|u− up,2r| dL
n
≤C
( 
B(p,2r)
|u− up,2r|
Q
Q−1 dL n
)Q−1
Q
≤ Cr1−Q|DXu|(B(p, 2r)).

As mentioned in the Introduction, the next lemma possesses its own interest and it is the
key tool in the proof of Theorem 1.1.
Lemma 3.12. Let (Rn, X) be an equiregular CC space of homogeneous dimension Q and let
Ω ⊆ Rn be an open bounded set. Then there exist C = C(Ω) > 0 and R = R(Ω) > 0 such that
the following holds: for every u ∈ BVX(Ω;R
k), p ∈ Ω \ Su and 0 < r < min{R,
1
2
d(p, ∂Ω)} one
has ˆ
B(p,r)
|u(q)− u⋆(p)|
d(p, q)
dL n(q) ≤ C
(
|DXu|(B(p, r)) +
ˆ 1
0
|DXu|(B(p, tr))
tQ
dt
)
.
In particular ˆ
B(p,r)
|u(q)− u⋆(p)|
d(p, q)
dL n(q) ≤ C
ˆ 2
0
|DXu|(B(p, tr))
tQ
dt.
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Proof. Let u, p, r be as in the statement; we introduce the compact notation ui := up,2−ir, i ∈ N.
Since ui → u
⋆(p) as i→∞ we estimateˆ
B(p,r)
|u(q)− u⋆(p)|
d(p, q)
dL n(q)
≤
∞∑
i=1
ˆ
B(p,2−i+1r)\B(p,2−ir)
|u(q)− u⋆(p)|
2−ir
dL n(q)
≤
∞∑
i=1
2i
r
ˆ
B(p,2−i+1r)\B(p,2−ir)
(
|u(q)− ui−1|+
∞∑
j=i−1
|uj − uj+1|
)
dL n(q)
and use Lemma 3.11 and Theorem 2.41 to get
≤C
∞∑
i=1
2i
r
(
2−ir|DXu|(B(p, 2
1−ir)) +
∞∑
j=i−1
(
21−ir
)Q (
2−(j+1)r
)1−Q
|DXu|(B(p, 2
−jr))
)
≤C
∞∑
i=1
(
|DXu|(B(p, 2
1−ir)) +
∞∑
j=i−1
2(j−i+1)(Q−1)|DXu|(B(p, 2
−jr))
)
=C
∞∑
k=0
(
1 + 1 + 2Q−1 + (2Q−1)2 + · · ·+ (2Q−1)k
)
|DXu|(B(p, 2
−kr))
≤C
∞∑
k=0
2(k+1)(Q−1) − 1
2Q−1 − 1
|DXu|(B(p, 2
−kr)).
Since Q ≥ 2 we have 2Q−1 − 1 ≥ 2
Q−1
2
, hence
ˆ
B(p,r)
|u(q)− u⋆(p)|
d(p, q)
dL n(q) ≤ C
∞∑
k=0
2k(Q−1)|DXu|(B(p, 2
−kr))
= C
(
|DXu|(B(p, r)) +
∞∑
k=1
2k(Q−1)|DXu|(B(p, 2
−kr))
)
= C
(
|DXu|(B(p, r)) +
∞∑
k=1
ˆ 21−k
2−k
2kQ|DXu|(B(p, 2
−kr))dt
)
≤ C
(
|DXu|(B(p, r)) +
∞∑
k=1
ˆ 21−k
2−k
|DXu|(B(p, tr))
tQ
dt
)
= C
(
|DXu|(B(p, r)) +
ˆ 1
0
|DXu|(B(p, tr))
tQ
dt
)
,
as desired. 
We can now prove one of our main results; recall that we denote by DapX u(p) the approximate
X-gradient of u at p.
Proof of Theorem 1.1. We can assume without loss of generality that k = 1. Suppose that
DXu = vL
n +DsXu is the Radon-Nykodým decomposition of the measure DXu with respect
to L n. By the Radon-Nykodým Theorem in doubling metric spaces (see e.g. [43, Theorem 4.7
and Remark 4.5]), at L n-almost every p ∈ Ω we have
lim
r→0
DsXu(B(p, r))
rQ
= 0. (43)
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It is sufficient to prove that, for every p ∈ Ω\ (Su∪Sv) for which (43) holds, u is approximately
X-differentiable at p with DapX u(p) = v
⋆(p).
Let R > 0 and f ∈ C1(B(p, R)) be such that f(p) = 0 and Xf(p) = v⋆(p) and define
w(q) := u(q)− u⋆(p)− f(q)
Then w ∈ BVX(B(p, R)), p /∈ Sw and w
⋆(p) = 0. We are in a position to apply Lemma 3.12 to
the function w and get C > 0 so that, for small enough r,
1
rQ
ˆ
B(p,r)
|u(q)− u⋆(p)− f(q)|
d(p, q)
dL n(q) ≤
C
rQ
ˆ 2
0
|DXw|(B(p, tr))
tQ
dt
≤ C sup
t∈(0,2)
|DXw|(B(p, tr))
(tr)Q
.
It is then enough to show that limr→0 r
−Q|DXw|(B(p, r)) = 0. Taking into account that
DXw = (v −Xf)L
n +DsXu and (43), it suffices to check that
lim
r→0
1
rQ
ˆ
B(p,r)
|v −Xf |dL n = 0,
which follows by the generalized Lebesgue’s differentiation theorem (see e.g. [28, Section 2.7])
and the inequality |v −Xf | ≤ |v − v⋆(p)|+ |v⋆(p)−Xf |. 
As for classical BV functions (see e.g. [2, pag. 177], the (approximate) convergence of
u ∈ BVX to u
⋆(p) at points p /∈ Su can be improved in a L
1∗-sense, as we now state.
Proposition 3.13. Let (Rn, X) be an equiregular CC space, Ω ⊆ Rn an open set and let
u ∈ BVX(Ω). Then
lim
r→0
 
B(p,r)
|u− u⋆(p)|
Q
Q−1dL n = 0 for H Q−1-a.e. p ∈ Ω \ Su.
Proof. We first prove that
lim
r→0
|DXu|(B(p, r))
rQ−1
= 0 for H Q−1-a.e. p ∈ Ω \ Su. (44)
Let t > 0 be fixed and consider the set
Et :=
{
p ∈ Ω \ Su : lim sup
r→0
|DXu|(B(p, r))
rQ−1
> t
}
.
By Proposition A.4 one has H Q−1(Et) <∞; Proposition 3.3 then implies that |DXu|(Et) = 0
and again Proposition A.4 gives H Q−1(Et) = 0. Since this is true for all positive t, formula
(44) immediately follows.
Combining Theorem 2.41 and (44) we immediately get that for H Q−1-a.e. p ∈ Ω
lim
r→0
 
B(p,r)
|u− up,r|
Q
Q−1dL n = 0.
The conclusion follows by
|u− u⋆(p)|
Q
Q−1 ≤ 2
1
Q−1
(
|up,r − u
⋆(p)|
Q
Q−1 + |u− up,r|
Q
Q−1
)
.
together with u⋆(p) = limr→0 up,r. 
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When (Rn, X) satisfies property R, Ω ⊆ Rn is open and u ∈ BVX(Ω,R
k), by Theorem 1.5
the precise representative up
up(p) :=

u⋆(p) if p ∈ Ω \ Su
u+(p) + u−(p)
2
if p ∈ Ju
(45)
is defined H Q−1-a.e. on Ω. We have the following result.
Theorem 3.14. Let (Rn, X) be an equiregular CC space satisfying property R, Ω ⊆ Rn an
open set and let u ∈ BVX(Ω;R
k). Then
lim
r→0
 
B(p,r)
u dL n = up(p) for H Q−1-a.e. p ∈ Ω.
Proof. The statement easily follows for H Q−1-a.e. p ∈ Ω\Su by Proposition 3.13. By Theorem
1.5 it suffices to prove the statement for all p ∈ Ju, which directly follows from Proposition
2.23 and Definition 2.24. 
Remark 3.15. When (Rn, X) satisfies property R, then DcXu = D
s
Xu (Ω \ Su): to see this, it
is enough to combine Proposition 3.3 and Theorem 1.5.
We now want to study the properties of the decomposition DXu = D
a
Xu+D
c
Xu+D
j
Xu; recall
that H 1e denotes the Euclidean Hausdorff measure in R
n.
Theorem 3.16 (Properties of Cantor part and jump part). Let u ∈ BVX(Ω;Rk). Then the
following facts hold:
(a) DaXu = DXu (Ω \ S) and D
s
Xu = DXu S, where
S :=
{
p ∈ Ω : lim
r→0
|DXu|(B(p, r))
rQ
= +∞
}
.
Moreover, if E ⊆ Rk is such that H 1e (E) = 0, then D
ap
X u = 0 L
n-a.e. in (u⋆)−1(E).
(b) Let Θu ⊆ S be defined by
Θu :=
{
p ∈ Ω : L(p) := lim inf
r→0
|DXu|(B(p, r))
rQ−1
> 0
}
.
Then Ju ⊆ Θu.
Moreover, if (Rn, X) satisfies property R, then
(c) H Q−1(Θu \ Ju) = 0 and D
j
Xu = DXu Θu. More generally, for every Borel set Σ
containing Ju and σ-finite with respect to H
Q−1 we have DjXu = DXu Σ.
(d) DcXu = DXu (S \Θu).
(e) if B ⊆ Ω is such that either H Q−1 B is σ-finite or B = (u⋆)−1(E) for some H 1e -
negligible set E ⊆ Rk, then DcXu(B) = 0.
Proof. In order to prove the first part of statement (a) it is sufficient to apply Radon-Nykodým
Theorem in doubling metric spaces (see e.g. [43, Theorem 4.7 and Remark 4.5]). Concerning
the second part, assume first that k = 1 and let B := (u⋆)−1(E). By Proposition 2.22, for any
t /∈ E we have B ∩ ∂∗{u > t} = ∅. By Theorems 2.40 and 2.39 we obtain
|DXu|(B) =
ˆ
R
PX({u > t} ∩ B) dt = 0 =
ˆ
R\E
ˆ
∂∗{u>t}∩B
θtdH
Q−1 dt = 0,
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where θt denote suitable positive functions. When k ≥ 1 and j = 1, . . . , k we set Ej := {t ∈ R :
t = zj for some z ∈ E}; the set Ej is such that L
1(Ej) = 0 and by (25)
|DXu|(B) ≤
k∑
j=1
|DXu
j|(B) ≤
k∑
j=1
|DXu
j|(((uj)⋆)−1(Ej)) = 0.
We then conclude by Theorem 1.1.
By (37) in the proof of Proposition 3.3 we have Ju ⊆ Θu, and statement (b) follows.
We now prove (c). Applying Proposition A.4 we get that for every h ∈ N \ {0}
|DXu| {L ≥
1
h
} ≥
1
h
ωQ−1H
Q−1 {L ≥ 1
h
}, (46)
where L is defined in statement (b). In particular H Q−1
(
{L ≥ 1
h
}
)
< +∞. By (36)
|DXu|
(
{L ≥ 1
h
} \ Su
)
= 0
and consequently (by (46)) also H Q−1({L ≥ 1
h
} \ Su) = 0. Since {L ≥
1
h
} ր Θu, on passing
to the limit for h → +∞ we get H Q−1(Θu \ Su) = 0. Taking Theorem 1.5 into account, we
conclude that H Q−1(Θu \ Ju) = 0.
Let now Σ be as in statement (c). Then, taking into account Proposition 3.3 and the fact that
H Q−1(Su \ Ju) = 0, we have
DXu Σ = DXu Ju +DXu (Σ \ Ju)
= DjXu+DXu (Σ \ Su) +DXu (Σ ∩ Su \ Ju)
= DjXu+DXu (Σ \ Su).
Since Σ is σ-finite with respect to H Q−1, using (36) we get that DXu (Σ \ Su) = 0, and so
DXu Σ = D
j
Xu.
Statement (d) follows from (a), (b), (c) and the decomposition DXu = D
a
Xu+D
c
Xu+D
j
Xu,
which immediately give that DcXu = DXu (S \Θu).
We prove (e) in case H Q−1 B is σ-finite; we can assume (see e.g. [2, Theorem 1.43]) that
B is a Borel set. Using Proposition 3.3 and Theorem 1.5 we get that |DXu|(B \Ju) = 0, which
gives (DaXu+D
c
Xu) B = 0.
Concerning the second part of statement (e), suppose first that k = 1 and let B = (u⋆)−1(E)
with L 1(E) = 0. By Proposition 2.22 we know that ∂∗{u > t} ∩ B = ∅ for every t /∈ E.
Applying the Coarea Formula of Theorem 2.40 we get
|DXu|(B) =
ˆ
E
ˆ
∂∗{u>t}∩B
θtdH
Q−1dt = 0
for suitable functions θt. In the general case k ≥ 2 define for every α = 1, . . . , k the sets
Eα := πα(E), where πα denotes the canonical projection πα(x1, . . . , xk) = xα. Noticing that
L 1(Eα) ≤ H
1
e (E) = 0, we can use (25) to estimate
|DXu|((u
⋆)−1(E)) ≤
k∑
α=1
|DXu
α|((u⋆)−1(E)) ≤
k∑
α=1
|DXu
α|(((uα)⋆)−1(Eα)) = 0.

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4. Applications to some classes of Carnot groups
Some of the main results of this paper rely on properties R,LR or D; in this section we
show how they can be in some meaningful CC spaces and, in particular, in some large classes
of Carnot groups.
We start by introducing the reduced boundary FXE of a set E with finite X-perimeter.
Recall that the reduced boundary was the object originally considered by E. De Giorgi in the
seminal paper [13] about the rectifiability of sets with finite (Euclidean) perimeter in Rn.
Definition 4.1 (Reduced boundary). Let E ⊆ Rn be a set with locally finite X-perimeter.
The X-reduced boundary FXE of E is the set of points p ∈ R
n such that PX(E,B(p, r)) > 0
for any r > 0 and the limit
ν˜E(p) := lim
r→0
DXχE(B(p, r))
|DXχE|(B(p, r))
exists with |ν˜E(p)| = 1.
For sets with finite (Euclidean) perimeter inRn the symmetric difference between the essential
boundary and the reduced one is H n−1e -negligible, see e.g. [2, Theorem 3.61]. In our setting we
have the following result, which is a known consequence of Theorem 2.39, see e.g. [22, Theorem
7.3] for the Heisenberg group case and [23, Lemma 2.26] for step 2 Carnot groups.
Theorem 4.2. Let (Rn, X) be an equiregular CC space of homogeneous dimension Q and let
E ⊆ Rn be a set of locally finite X-perimeter. Then H Q−1(∂∗E \ FXE) = 0.
Proof. By Theorem 2.39 we have DXχE = θνEH
Q−1 ∂∗E for a suitable positive function θ.
Therefore it is enough to prove that, for H Q−1-almost every p ∈ ∂∗E, one has
lim
r→0
DXχE(B(p, r))
|DχE|(B(p, r))
= νE(p).
This fact directly follows from [17, Theorem 2.9.8] taking into account Theorem 2.39 and [17,
Theorem 2.8.17]. 
The proof of Theorem 4.2 also shows that ν˜E = νE H
Q−1-a.e. on FXE.
The papers [22, 23, 35] prove the countable X-rectifiability of the reduced boundary of sets
with locally finite X-perimeter in, respectively, Heisenberg groups, Carnot groups of step 2, and
Carnot groups of type ⋆. These results, in conjunction with Theorem 4.2, show that property
R is satisfied in these settings.
Actually, Theorem 4.2 and the results about blow-up and representation of the X-perimeter
available in Heisenberg groups ([22, Theorems 4.1 and 7.1]), step 2 Carnot groups ([23, Theo-
rems 3.1 and 3.9]) and Carnot groups of type ⋆ [35, Theorems 4.12 and 4.13] imply that also
property D is satisfied in these settings.
Using also the left-invariance of the structure we can conclude what follows.
Theorem 4.3. Heisenberg groups, Carnot groups of step 2 and Carnot groups of type ⋆ satisfy
properties R and D. In particular, Theorems 1.5, 1.6, 1.7 and 3.14 hold in these settings.
Moreover, the function σ(p, ν) appearing in 1.7 and 3.14 does not depend on the point p ∈ Rn.
In the paper [14] the class of Carnot groups G satisfying the following assumption (see e.g.
[37] for the notion of abnormal curve)
there exists at least one direction V in the first layer of the stratified Lie algebra
of G such that t 7→ exp(tV ) is not an abnormal curve
(47)
is considered. This class includes, for instance, the Engel group, which is the simplest example
where the rectifiability problem for sets with finite X-perimeter is open. One of the main
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results of [14] is the following one: for any set E with finite X-perimeter in a Carnot group G
satisfying (47), the reduced boundary FXE is countably X-Lipschitz rectifiable. Together with
Theorem 4.2, this gives the following result.
Theorem 4.4. The property LR is satisfied in all Carnot groups G such that (47) holds; in
particular, Theorem 3.5 holds in such groups.
Appendix A. Some tools from Geometric Measure Theory in metric spaces.
Proposition A.1. Let u ∈ L1loc(Ω;R
k). If p ∈ Ω \ Su, then, for any ε > 0, the set
Eε := {q ∈ Ω : |u(q)− u
⋆(p)| > ε}
has density 0 at p. Conversely, if u ∈ L∞loc(Ω;R
k) and z ∈ Rk are such that, for any ε > 0, the
set
Eε := {q ∈ Ω : |u(q)− z| > ε}
has density 0 at p, then p ∈ Ω \ Su and z = u
⋆(p).
In particular, if k = 1 and p ∈ Ω \ Su and t 6= u
⋆(p), then p /∈ ∂∗{q ∈ Ω : u(q) > t}.
Proof. Suppose p ∈ Ω \ Su. By Chebychev inequality we have
ε
L n(Eε ∩ B(p, r))
L n(B(p, r))
≤
 
B(p,r)
|u− u⋆(p)|dL n → 0 as r → 0.
Conversely, suppose that u and z are as in the statement. Then we have for any r ∈ (0, 1) 
B(p,r)
|u− z|dL n ≤ (‖u‖L∞(B(p,1);Rk) + |z|)
L n(B(p, r) ∩ Eε))
L n(B(p, r))
+ ε
L n(B(p, r) \ Eε))
L n(B(p, r))
,
which is infinitesimal as r → 0.
Finally, consider p ∈ Ω \ Su and let t 6= u
⋆(p). We already know that both {u > u⋆(p) + ε}
and {u < u⋆(p) − ε} have density 0 at p for every ε > 0. If t > u⋆(p), then choosing ε =
t − u⋆(p) we have that {u > t} has density 0 at p. If t < u⋆(p) then choose η > 0 such that
ε = u⋆(p)− t− η > 0 to infer that {u < t+ η} has density 0 at p, and consequently {u ≥ t+ η}
has density 1 at p. This implies that also {u > t} has density 1 at p. 
The following result is classical, see e.g. [43] or [28].
Theorem A.2 (5r-Covering Lemma). Let (M, d) be a separable metric space and let B a family
of closed balls in M such that
sup {diamB : B ∈ B} < +∞.
Denote by 5B the closed metric ball with same center as B and radius 5 times larger than that
of B. Then there exists a countable and pairwise disjoint subfamily F ⊆ B such that⋃
B ⊆
⋃
B∈F
5B.
Definition A.3 (Hausdorff measures). Let (M, d) be a metric space and k ≥ 0. For any δ > 0
and any E ⊆M we define
H
k
δ (E) :=
ωk
2k
inf
{
∞∑
h=0
(diamEh)
k : E ⊆
∞⋃
h=0
Eh, diamEh < δ
}
S
k
δ (E) :=
ωk
2k
inf
{
∞∑
h=0
(diamBh)
k : E ⊆
∞⋃
h=0
Bh, Bh balls with diamBh < δ
}
,
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where ωα := π
α/2Γ(1+α/2)−1 and Γ(t) :=
´ +∞
0
st−1e−sds is the Euler Γ function. The Hausdorff
measure H k(E) and the spherical Hausdorff measure S k(E) of E are
H
k(E) := sup
δ>0
H
k
δ (E) = lim
δ→0
H
k
δ (E)
S
k(E) := sup
δ>0
S
k
δ (E) = lim
δ→0
S
k
δ (E).
The useful inequalities H k ≤ S k ≤ 2kH k are classical.
If (M, d, µ) is a metric measure space, k ≥ 0 and x ∈ M , we define the upper k-density
Θ∗k(µ, x) and the lower k-density Θ∗k(µ, x) of µ at x as
Θ∗k(µ, x) := lim sup
r→0
µ(B(x, r))
ωkrk
, Θ∗k(µ, x) := lim inf
r→0
µ(B(x, r))
ωkrk
.
For every Borel set E ⊆ Rn we will also write Θ∗k(E, x) := Θ
∗
k(H
k E, x) and Θ∗k(E, x) :=
Θ∗k(H
k E, x). If Θ∗k(µ, x) = Θ∗k(µ, x), then the common value is denoted by Θk(µ, x) and it
will be called k-density of µ at x. Hausdorff measures and densities are linked by Propositions
A.4 and A.5 below. A proof of Proposition A.4 can be found for instance in [43, Theorem 3.2];
in the latter reference, statement (i) below is stated with H k in place of S k, but the careful
reader will notice that the proof is indeed provided for this stronger version.
Proposition A.4. Let (M, d) be a separable metric space, let µ be a Borel regular Radon
measure on M , let E ⊆M be a Borel set and let t > 0. Then the following facts hold.
(i) If Θ∗k(µ, x) ≥ t for every x ∈ E, then µ ≥ tS
k E.
(ii) If Θ∗k(µ, x) ≤ t for every x ∈ E, then µ ≤ 2
ktH k E.
In particular, for H k-almost every x ∈ Rn we have Θ∗k(µ, x) < +∞.
Corollary A.5. Let (M, d) be a separable metric space, let µ be a Borel regular Radon measure
on M , let E ⊆ M be a Borel set and let f : E → R be a strictly positive function. Then the
following facts hold.
(i) If Θ∗k(µ, x) ≥ f(x) for every x ∈ E , then µ ≥ fS
k E.
(ii) If Θ∗k(µ, x) ≤ f(x) for every x ∈ E , then µ ≤ 2
kfH k E.
Proof. (i) Let ε > 0 and define for every j ∈ Z the set
Ej := {x ∈ E : (1 + ε)
j < f(x) ≤ (1 + ε)j+1}.
Suppose that Θ∗k(µ, x) ≥ f(x) for every x ∈ E. Then, using (i) of Proposition A.4 we get
µ =
∑
j∈Z
µ Ej ≥
∑
j∈Z
(1 + ε)jS k Ej ≥
∑
j∈Z
f
1 + ε
S
k Ej =
f
1 + ε
S
k E.
The statement follows by the arbitrariness of ε.
(ii) Using (ii) of Proposition A.4 we have
µ =
∑
j∈Z
µ Ej ≤
∑
j∈Z
2k(1 + ε)j+1H k Ej
≤
∑
j∈Z
2k(1 + ε)fS k Ej = 2
k(1 + ε)fS k E.
The statement follows by the arbitrariness of ε. 
As a consequence of the Corollary A.5 we have the following remark.
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Remark A.6. Under the same assumptions of Corollary A.5, for H k-almost every x ∈ Rn we
have Θ∗k(µ, x) < +∞ and for any Borel set B ⊆ R
n the implication
µ(B) = 0 =⇒ Θk(µ, x) = 0 for H
k-a.e. x ∈ B
holds. In particular, if µ = gH k E we have Θk(µ, x) = 0 for H
k-almost every x ∈ Rn \ E.
Definition A.7 (Porous sets). Let (M, d) be a metric space and let E ⊆ M be a Borel set.
Then E is said to be porous if there esist α ∈ (0, 1) and R > 0 such that for every x ∈M and
every r ∈ (0, R) there exists y ∈ M such that
B(y, αr) ⊆ B(x, r) \ E.
Proposition A.8. Let (M, d) be a locally compact and separable metric space, µ a doubling
Radon measure on M and let E ⊆M be a porous set. Then E has no points of density 1 and,
in particular, µ(E) = 0.
Proof. Let α and R be as in Definition A.7. Suppose by contradiction there exists x ∈ E1. For
every r ∈ (0, R) there exists y ∈ M such that B(y, αr) ⊆ B(x, r) \ E. This implies that
µ(B(x, r) \ E)
µ(B(x, r))
≥
µ(B(y, αr))
µ(B(x, r))
≥ C,
where C > 0 depends on α and the doubling constant of µ. Letting r → 0 and taking into
account that x ∈ (M \E)0, we get a contradiction. The last part of the statement follows from
the generalized Lebesgue Theorem, see e.g. [28, Theorem 1.8]. 
Proposition A.9. Let (Rn, X) be a geodesic equiregular CC space; then, for every p ∈ Rn and
for every r > 0 one has L n(∂B(p, r)) = 0.
Proof. By Proposition A.8 it is sufficient to prove that ∂B(p, r) is a porous set. Take q ∈
∂B(p, r) and consider a length minimizing absolutely continuous path γ : [0, r]→ Rn such that
γ(0) = p, γ(r) = q and for every t ∈ [0, r] one has d(p, γ(t)) = t. Consider ε ∈ (0, 2r] and set
y := γ(r − ε
2
) ∈ B(p, r). Then B(y, ε
2
) ⊆ B(q, ε), hence B(y, ε
2
) ∩ ∂B(p, r) = ∅, i.e., ∂B(p, r) is
porous. 
Appendix B. Proofs of some results about jumps and approximate
differentiability points
Proof of Proposition 2.28. (i) We can without loss of generality assume that k = 1. Consider
a countable dense subset {(ah, bh, νh) : h ∈ N} of R × R × S
m−1 and, for every h ∈ N, define
wh : R
n → R by
wh(y) :=
{
ah if L˜νh(y) ≥ 0,
bh if L˜νh(y) < 0.
We first prove that (recalling the notation (7))
(Ω \ Su) ∪ Ju =
∞⋂
ℓ=1
∞⋃
h=0
{
p ∈ Ω : lim sup
r→0
 
A(r)
|u ◦ Fp − wh|dL
n <
1
ℓ
}
. (48)
The inclusion ⊆ in (48) is straightforward by Remark 2.20 and Proposition 2.26. In order to
prove the opposite inclusion, consider p ∈ Ω such that for every ℓ ∈ N \ {0} there exists whℓ
such that
lim sup
r→0
 
A(r)
|u ◦ Fp − whℓ|dL
n <
1
ℓ
.
40 DON AND VITTONE
We prove that, possibly passing to a subsequence, there exist a, b and ν such that (whℓ) is
convergent in L1(A(1)) to
w(y) :=
{
a if L˜ν(y) ≥ 0,
b if L˜ν(y) < 0.
Up to subsequences we can suppose that (νhℓ) converges to some ν. Define C := L
n (A(1))
and let ℓ ∈ N be such that for every ℓ, k ≥ ℓ the set
A+(1) :=
{
y ∈ A(1) : L˜νhℓ (y) > 0 and L˜νhk (y) > 0
}
is such that L n(A+(1)) ≥ 1
4
C. By a change of variables, for such h and k one has
|ahℓ − ahk | =
 
A+(1)
|ahℓ − ahk |dL
n ≤
4
C
ˆ
A+(1)
|whℓ − whk|dL
n
≤
4
C
ˆ
A(1)
|whℓ − whk|dL
n =
4
CrQ
ˆ
A(r)
|whℓ − whk |dL
n
≤ 4
 
A(r)
|u ◦ Fp − whℓ|dL
n + 4
 
A(r)
|u ◦ Fp − whk |dL
n.
Passing to the lim sup as r → 0 we get that (ahℓ) is Cauchy and therefore convergent to some
a ∈ R. Using the same technique we also get that (bhℓ) is convergent to some b ∈ R, and whℓ
converges in L1(A(1)) to w. Now, for sufficiently large ℓ ∈ N and for sufficiently small r > 0,
from ˆ
A(r)
|u ◦ Fp ◦ δr − w|dL
n ≤
ˆ
A(r)
|u ◦ Fp ◦ δr − whℓ|dL
n +
ˆ
A(1)
|whℓ − w|dL
n
we deduce the remaining inclusion ⊇ in (48).
Notice that the right-hand side of (48) is a Borel set if, for any h ∈ N, and any small enough
r, the function
p 7−→
 
A(r)
|u ◦ Fp − wh|dL
n (49)
is continuous. This is clearly true if u is of class C∞. For general u, fix p ∈ Ω, r > 0
and ε > 0 and consider v ∈ C∞(Ω) such that ‖u − v‖L1(B(p,C1r)) < ε, where C1 is such that
Fp(A(r)) ⋐ B(p, C1r). Applying the triangular inequality, we find 
A(r)
|u ◦ Fp − u ◦ Fq|dL
n
≤
 
A(r)
(
|u ◦ Fp − v ◦ Fp|+ |v ◦ Fp − v ◦ Fq|+ |v ◦ Fq − u ◦ Fq|
)
dL n < Cε,
for some C > 0, for every sufficiently small r and for every q sufficiently close to p. This proves
that the function in (49) is continuous. It follows that (Ω \ Su) ∪ Ju is a Borel set: then, also
Ju is a Borel set, for Ω \ Su is Borel and it is disjoint from Ju.
Select now for any p ∈ Ju an X-jump triple (u
+(p), u−(p), ν(p)) according to Definition 2.24.
Define φ : Ju → R
m by φ(p) := (u+(p)− u−(p))ν(p). We prove that φ is Borel, so that also ν
is Borel up to re-defining it as ν(p) = φ(p)/|φ(p)|. Set
wp(y) :=
{
u+(p) if L˜ν(p)(y) > 0;
u−(p) if L˜ν(p)(y) < 0,
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and
A˜(r) :=
{
y ∈ Rn : |(y1, . . . , ym)|+
n∑
j=m+1
|yj|
1
wj ≤ r
}
.
Notice that the sets A˜(r) are invariant under rotations of the firstm coordinates. By Proposition
2.26 we have that for every ψ ∈ C∞c (A˜(1)) and every i = 1, . . . , nˆ
A˜(1)
wp∂iψdL
n = lim
ε→0
ˆ
A˜(1)
(u ◦ Fp ◦ δε)∂iψdL
n
= lim
ε→0
1
εQ
ˆ
A˜(ε)
u(Fp(y))∂iψ(δε−1(y))dL
n(y).
Hence, for every ψ ∈ C∞c (A˜(1)) and for every i = 1, . . . , n the function
p 7−→
ˆ
A˜(1)
wp∂iψdL
n
is Borel. Fix p ∈ Ju and consider a sequence (ψh) in C
∞
c (A˜(1)) converging to χA˜(1). Computing
the (Euclidean) measure derivative of wp we obtain that for every i = 1, . . . , n
φi(p)H n−1e
(
A˜(1) ∩ {L˜ν(p) = 0}
)
=Diwp(A˜(1)) = lim
h
ˆ
A˜(1)
ψhdD
iwp = − lim
h
ˆ
A˜(1)
wp∂iψhdL
n.
Since H n−1e (A˜(1) ∩ {L˜ν(p) = 0}) does not depend on p we deduce by the previous step that φ
is a Borel function, and therefore ν is Borel.
Finally, by Proposition 2.26 we have
u+(p) = lim
ε→0
1
εQ
ˆ
A(ε)
χ{L˜ν(p)>0}u ◦ FpdL
n
and this concludes the proof.
The proof of (ii) is completely analogous to the Euclidean case, see [2]. 
Proof of Proposition 2.32. We can assume without loss of generality that k = 1. Consider a
dense subset {zi : i ∈ N} of R
m. Reasoning as in the proof of Proposition 2.28 one can prove
that
Du =
∞⋂
h=1
∞⋃
i=0
{
p ∈ Ω \ Su : lim sup
̺→0
1
rQ+1
ˆ
A(r)
∣∣∣u ◦ Fp − u⋆(p)− L˜zi∣∣∣ dL n < 1h
}
which implies that Du is a Borel set.
We now prove that DapX u is Borel. Using Theorem 2.6, for any p ∈ Du one has
lim
ε→0
1
εQ+1
ˆ
δεP
∣∣∣u ◦ Fp − u⋆(p)− L˜Dap
X
u(p)
∣∣∣ dL n = 0,
where for every n-tuple of positive real numbers (ℓ1, . . . , ℓn)
P = P (ℓ1, . . . , ℓn) := {ξ ∈ R
n : 0 ≤ ξ
1/dj
j ≤ ℓj for any j = 1, . . . , n}
is the anisotropic box with axis that are parallel to the coordinate ones (e1, . . . , en). By a
change of variables we get
1
L n(P )
ˆ
P
L˜Dap
X
u(p)dL
n =
1
L n(P )
lim
ε→0
1
εQ+1
ˆ
δεP
(u ◦ Fp − u
⋆(p)) dL n.
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From this we deduce that, for any n-tuple (ℓ1, . . . , ℓn) the function
p 7−→
1
L n(P )
ˆ
P
L˜Dap
X
u(p)dL
n (50)
is Borel. Now, for every i = 1, . . . , m and every h ∈ N \ {0} define the rectangles P ih :=
P (1/h, . . . , 1/h, 1, 1/h, . . . , 1/h). A simple computation shows that
lim
h
1
L n(P ih)
ˆ
P i
h
L˜Dap
X
u(p)dL
n =
1
2
(DapX u(p))i ,
which completes the proof. 
Proof of Proposition 2.33. We can assume without loss of generality that k = 1.
(i) By Remark 2.20, the functions u˜r := u ◦Fp ◦ δr and v˜r := u ◦Fp ◦ δr converge, respectively,
to u⋆(p) and v⋆(p) in L1loc(R
n) as r → 0. In particular, as r → 0 the families (u˜r) and (v˜r)
converge (locally) in measure to u⋆(p) and v⋆(p) respectively. By a change of variables we have
for any R > 0
lim
r→0
L
n(B̂(0, R) ∩ {v˜r 6= u˜r}) = lim
r→0
r−QL n(B̂(0, rR) ∩ {u ◦ Fp 6= v ◦ Fp}) = 0.
It follows that (u˜r) and (v˜r) have the same measure limit, hence u
⋆(p) = v⋆(p).
(ii) Using Proposition 2.26 and the same argument used in (i) we obtain that the functions
U(y) :=
{
u+(p) if L˜νu(p)(y) > 0
u−(p) if L˜νu(p)(y) < 0
and V (y) :=
{
v+(p) if L˜νv(p)(y) > 0
v−(p) if L˜νv(p)(y) < 0
coincide for L n-almost every y, hence (u+(p), u−(p), νu(p)) ≡ (v
+(p), v−(p), νv(p)).
(iii) By point (i) we already know that u⋆(p) = v⋆(p). Since
u(Fp(δr(y)))− u
⋆(p)
r
6=
v(Fp(δr(y)))− v
⋆(p)
r
⇐⇒ u(Fp(δr(y))) 6= v(Fp(δr(y))),
the statement follows using Proposition 2.31 and an argument similar to part (i) above. 
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